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BBenenue

[lycTh wu3yuyaeTcs HEKOTOpPbIM (PU3MUECKUI MpOLECC WU SIBJICHUE.
MaremMatnueckoe MOJAEIUPOBAHUE COCTOUT B TOM, YTO 3aKOHBI, B COOTBETCTBUE C
KOTOPBIMH IIPOUCXOAUT 3TOT IIPOLECC, ONUCHIBAIOTCA HEKOTOPBIMU YPaBHEHUAMU,
TO €CTb COCTAaBIECTCS MaTeMaTH4ecKas MoJelb. [lanee uccieayroTes pelieHus,
II0JIy4aeMble C MOMOIIBI0 MOJAEIN, U TaKUM 00pa3oM TEOPETHUECKU H3ydaeTcs

pacCMaTpuBacMOC ABJICHUC.

Takol moaxoa HE HOB M MCIIOJIB3YETCs €lle co BpeMeH HproToHa, korma
¢uszuka mepecrana ObITh dYacThlo ¢uiocopud MW BCTajla Ha TBEPAYIO
MaTeMaTUYeCKyl0 OCHOBY. OJHAKO, KaK W3BECTHO, AHAJIUTHUYECKH PEIIAIOTCA B
OCHOBHOM JIMIIb JIMHEHHBbIE YypaBHeHHUsA. [lodToMy Oblla BO3MOXKHOCTH
UCCIIE0BATh JIMIIb MPOCTEUIINE MPOUECCHl WM MPOCTEHIINE OLICHOYHbIC
npubmpkenns. Cutyanus U3BMEHUJIACh C TOSBICHHEM KOMITBIOTEPHONW TEXHUKH B
20 Beke. IlosiBHIIaCh BO3MOKHOCTh YHCIICHHO PEIIaTh HEJIMHEWHBIE YpaBHEHUS U
CUCTEMBI YpaBHEHUU OOJIBIION CIIO)KHOCTH. A 3TO B CBOIO OY€peb MO3BOJIMIU
JIETAIbHO  paccMaTpuBaTh TMpoIlecchl BO Bcex moapoOHoctsx. Ceiyac
MaTEMaTUYECKOE MOJICTUPOBAHUE MPEICTABIAET COOOM IMIMPOKO HCIMOJIb3yEeMbIN

MCTOA UCCJICAOBAHHNS BO BCCX o0macTax HayKH.

KommbroTepHbI 3KCIIEPUMEHT 00J1a71aeT PSJIOM MPEUMYIEecTB. Bo-mepBhIX,
OH [ICILIEB; BO-BTOPBIX, OH MO3BOJSIET PAacCMaTpUBATh HM3y4aeMbId MPOILECC B
Pa3IMYHBIX PEKUMAaX €r0 IPOBEACHUS, YTO BAXKHO B MHOTOBAPHUAHTHOM CJIy4ae;
B-TPETHHUX, UMEETCS BO3MOXHOCTh OLIEHUBATh d(P(HEKT, BHOCUMBIN Pa3IMIHBIMU
¢usnueckumu hpakTopaMu B 00U pe3yabTaT U T.1. YacTo BOSHUKAET CUTYyallus,
KOT/Ia peasbHbIN AKCIIEPUMEHT BOOOIIE HEBHITIOIHUM M MOJICIIUPOBAHUE SBIIACTCS
EAMHCTBEHHBIM CIOCOOOM wm3ydeHus mporecca. (Hampumep, wuccnemoBanue
apaMeTpoB YEPHBIX JBIP.)

[Ipu w3ydenun Qu3nyeckol 3amadyl C TMOMOIIBI0 MATEMAaTHYECKOTO

MOACIUPOBAHUA, OOBIYHO MMPpOXOIAT UCpPE3 CICAYIOIIHC STAllbI:

1. DopmMyIUPOBKA MOJETH.

2. HccnenoBanne MaTeMaTHUECKOM 3a1a9H.



3. [Touck anropurma penieHus (AHAIUTUYECKOTO UM YUCIEHHOTO).

4.  CozmaHue KOMIBIOTEPHOU MPOTPaMMBI.

5. HccrnenoBanue pe3yabTaTOB U COIOCTaBICHHE MX C HUMEIOIIUMUCS
JTaHHBIMHU.

6. JlopaboTka MOJ€eIH.

B nanHOM Kypce paccMaTpuBarOTCs HEKOTOpPbIE U3 HUX — (OpMYIHMpOBKA

MOJCIIH, €€ MAaTEMATHYCCKOC UCCICAOBAHUEC U N3YYCHNC aJITOPUTMOB PCHICHHA.

dopMyTUPOBKA MOJIETU CYIIECTBEHHO 3aBUCHUT OT CHCIU(UKNA KOHKPETHOM

3a/1a49 — IO3TOMY paCCMOTPHUM JIMIb HCKOTOPBIC ITOHATHUA U TCPMUHOJIOTHIO.

3aoauu 6wvi8arom npsmovie u 0bpammoie.

A) Ilpsimble — Takue, KOTOpbIE M3Y4YalHMCh, HAPUMEpP, B paMKax KypcOB
muddepeHnnaIbHbIX YPaBHEHUI M METOJ0B MaTeMaTH4eckol (Qu3uku. 3agaHo

YPAaBHCHHUC U OOIMOJHUTCIIBHBIC YCJIOBUA U Tp€6y€TC$I HAWTH €To PCUICHUC,

B) O6paTHI)IC — HaAXOXKXIACHUC HCU3BCCTHLIX XAPAKTCPHUCTHK MOACIIN 110

N3BCCTHOMY PCHICHUTIO UJIX U3BCCTHBIM €T0 CBOMCTBAM.

OOpatHblie 3aa4un ObIBAIOT pa3HOTo BUja. X yclIOBHO MOXXHO pa30oUTh Ha

TPYIIIBI:

1. 3agaun oOpaTHBIC IO CaMOM MOCTAHOBKE — HANpUMeEp, 3ajiaya MoucKa HedTH.
TpeOyetrcst  ompenenuTh  HEAOCTYNHBIE  MPSAMOMY  HaONIOIEHHUIO  MecTa
pPacoNIOKeHUsI M 00beMbl HEPTIHBIX TUIACTOB IO MPOSBICHUSIM Ha TTOBEPXHOCTH
3eMJIM: U3MEHEHHIO TPABUTALIMOHHOMN CUJIBI WM OTKIIMKY Ha 3JIEKTPOMAarHUTHBIE

BO30YXKICHUS.

2. 3amauda ompeneneHusl (PYHKIIMOHATBHONW CTPYKTYPHl MOJENTH W 3HAYCHHH ee
[IapaMETPOB MO ONBITHBIM JAHHBIM, KaK BCIOMOTATEJIbHBIM 3Tall IIPU PELICHUU
npsmoit 3agaun. [lycTh Hamia 1eab COCTOMT B TOM, YTOOBI pacCUUTATh MPAMOU
npouecc. [Ipu 3TOM yacTo 3apaHee onTUMalbHasA CTPYKTYypa MOJEINA OJHO3HAYHO
HE ONpEJEeJCHa W 3HAYEHHs] YaCTH €€ NapaMeTpoB Heu3BeCTHbI. lloaTtomy
HEO0OXOIMMO TPEABAPUTEIHPHO BOCCTAHOBUTH 3HAUCHHS HEM3BECTHBIX MAPaMETPOB

1O UMCIOIMUMCS SKCIICPUMCHTAJIbHBIM JaHHBIM.



3. 3apgaya cuHTe3a WJIM 3aJada IPOEKTUPOBAHUS (HUIUUYECKON CHUCTEMBI.
TpebyeTcst Tak MOCTPOUTH CUCTEMY, UTOOBI UMETh 3aJJaHHbIE XapaKTEPUCTHUKU Ha
BbIxoZie. Hampumep, BbpIOpaTh MOCJIEA0BATEIBHOCTH HAHECEHHUS OTPAXKAIOLIUX

CJIOCB B 3a1a4€ HpOCBCTJ’IGHHOﬁ OIITUKH WU IIOKPBITUA CAMOJICTaA-HCBUAUMKHU.

Il.  Mooenu mocym popmynuposamscs 6 pasnoii popme.

1. Kak cucrema auddepeHIHanbHbIX W/WIA HHTETpalbHBIX YpaBHEHUH C
COOTBETCTBYIOIIMMH  JIONOJHUTEIbHBIMA  (HaYaJdbHBIMM M  TPAHUYHBIMM)

YCJIOBUSIMU.

2. B Buje BapuallMOHHBIX 33/1a4. BapuainmoHHas 3aiada v ee ypaBHEHUs Jilnepa
HaXOJATCSA B COOTBETCTBUM. B Kypce BapuMallMOHHOTO UCUUCIIEHUS] CTPEMUIIUCH OT
BapUallMOHHOW  3ajaun  mnepeiitu  k  nuddepenunanbHoi. Yacrto, 1pu
UCIOJIb30BAHUM YUCICHHBIX METOJOB, yA00HEe HAo0OpOT — OT CHCTEM
muddepeHIManbHbIX  YPaBHEHUM TEPEeXOJUTh K BapHUAIlMOHHBIM  3ajavam.
Hanpumep, B CIOXHOW CHCTEME BMECTO PEUICHUS MHOXKECTBA YPaBHCHUU
HrproTona ObiBaeT ymoOHee cocTaBUTh (QyHKIMIO JlarpaHka W HCHOJIB30BATH

IMPUHIAII HAUMCHBIICT O I[CﬁCTBPI)I.

3. MOIIGJIL, B KOTOpOfI MponecC OIMMCBIBACTCA HCKOTOPBIMH YPABHCHUAMU,
Ha3bIBACTCA ,Z[GTCpMI/IHI/IpOBaHHOﬁ. Ecnn MOJCJIb OIIMCBIBACTCA HCKOTOPBIMH

BCPOATHOCTHBIMH 3daKOHAMH, OHA HA3bIBACTCS CTOXACTUYECKOI.

HUccnenmoBanne  momend  MOMKET  IPOBOJIMTHCS aHAJIUTUYCCKUMH,
ACUMIITOTUYECKUMHU WA YUCICHHBIMU METOJaMu. M3yueHrue noBeaeHUsT peIICHUS
C MOMOIIBIO YHCIIEHHBIX METOJIOB — HE 0053aTENIbHBIM, HO YACTO BCTPEUAIOITUNCS

QJIEMCHT HUCCJICAOBAaHUA 3aJa4.

I1l.  Hepapxusa mooeneu.

[Ipu MopenupoBaHuM JIOOOTO MpOIECCa HMEETCS HUepapXus MOJEIeH,
ONMKCHIBAIOIINX TMPOIIECC C PA3JIMYHON CTENEHBIO MOAPOOHOCTH IyTEM ydeTa
pasnu4HOrO KonImuecTBa (m3mdeckux ¢akTopoB. Jlake B mpocTeifmieid 3amgade
pacnpoOCTPaHEHHOr0 TEIJIa MOXHO pPAacCMaTpUBATh JIMHEMHOE YpPaBHEHHE C
MOCTOSIHHBIMU ~ KO3(PUIMEHTaMU, a MOXHO  YYUTHIBaTb  3aBUCUMOCTD

KOA(h(PHUIMEHTOB OT TeMIeparypbl W KOHEYHYIO CKOPOCTh PACIPOCTPAHCHHUS
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terna. Tem Ooisee, 3TO akTyajdbHO B MHOTo()akTOpHBIX 3anadax. Hampumep, B

9KOJOIrM4YCCKUX 3aJiavdax, 3aJadax MpcaCKasaHus nmorogabsl U T.I.

[Ipumepom Takol 3agauv ABJSETCS MPOTHO3 BJIAXKHOCTH HA TMOJIE TMOJ
CEJIbCKOXO3SMCTBEHHON KYJIbTYpOU. Bee moisie MOKHO paccMaTpuBaTh Kak €IUHOE
1[eJI0€ U MUCAaTh COOTHOIIEHUs OallaHca Biaru Jyisi Hero. MOoKHO MOYBY pa3OuTh
Ha CJIIOM W paccMarpuBaTh OajaHC BJIATM B CJIOSIX — TOJYYUM MOJIETb,
MPEACTABIAIOIIYI0 CO00M  cUCTEMY  OOBIKHOBEHHBIX JHU(DPepeHIHaTbHBIX
ypaBHEHUNH. MOKHO YYUTHIBATh MHOKECTBO (DaKTOPOB CBSI3aHHBIX C PACTCHUSIMH,
Harpumep, HU3MEHEHHE HMHTEHCHUBHOCTH MCIAPEHUSI >KUIKOCTH C JIMCTHEB B
3aBUCUMOCTA OT BHEIIHEW TeMIeparypbl, BJIAXKHOCTA U HWHTEHCHUBHOCTHU
COJIHEYHOM pamuauuu U T.4. [losmydaeM o4eHb WIUPOKUN CIIEKTP MOJEINIEN, B TOU

WIN MHOW Mepe OTpa)karoIlMX IPOUCXOASILEE.

B stux 3ajJgadax BI)I60p YJIa‘IHOfI MOACIIN CTAHOBHUTCA HC IIPOCTO BAXXHBIX, a
HCHTPAJIBHBIX BOIIPOCOM MOACIUPOBAHMUA. He HaJ0 AyMaTb, YTO HaWJIydloasa
MOICIIb — Tad, KOTOpasad YYUTBIBACT MAKCHUMAJIBHO BO3MOXHOC KOJIHNYCCTBO
(1)aKTOpOB. DTO HE TaK, — C YCIOXHCHUCM MOJCIIN YBCINYHUBACTCSA KOJIHMYCCTBO
HCU3BCCTHLIX IIAapaMCTPOB, KOTOPLIC H€O6XOIII/IMO OoIpcaACInNT, Ha OCHOBC
HMCIOIICTOCA OT'paHUYCHHOI'O OIIBITHOTO Matcpualia. O6paTHaH 3ajJada
OIIpCACICHUS ITapaMCTPOB CTAHOBUTCA HGYCTOIZ‘IHBOIZ. [TonbiTKH IMPOrHO3UPOBATH
Imponecc ¢ IMoOMOIIbIO TaKoOH MOACIN B YCIIOBUAX OTIUYHBIX OT TCX, B KOTOPBIX

OTIPEJIEISUIUCH MTapaMeTPhl, TPUBOJASAT K OITUOOYHBIM pe3yIbTaTaM.

CI10’KHOCTh MOJICJIH JIOJDKHA OBITh COTJIACOBaHHA C 00BEMOM M TOYHOCTBHIO
SKCIICPUMEHTAIBHBIX JIaHHBIX. B ciydyae, Korja B CHCTEME IPHCYTCTBYIOT
HECKOJIbKO (paKTOpPOB OJHOTO TIOPSAAKAa, BCE OHH JOJDKHBI OBITH  WIIH

OJHOBPCMCHHO YUYTCHBI B MOJCIIN, NI OT6pOHIeHI>I.

IV.  Vwuusepcanonocms mamemamuueckux mooeneti.

YacTto coBceM pa3HbIE €CTECTBEHHOHAYYHBIE 3aJlaud MPUBOIAT K CXOJHBIM
MareMaTtudeckuM mojensMm. Hampumep, 3amaga o auddy3un BemecTBa, 3amada
TEIJIONPOBOJHOCTA M 3ajaya 00 YypOBHE TPYHTOBBIX BOJ| OIKCHIBAIOTCS
OJIMHAKOBBIMH YpaBHEHUSIMU. VcciienoBaB OJIHY MaTEMAaTUYECKYHO 3a7a4y, 4acTo

MOXHO CJIeJIaTh BBIBOJbI O PEIICHHH U Jpyrux ¢uinueckux 3anad. C apyroi
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CTOpOHBI, ecau Bwl paboTaere C HEKOTOpOW 3adadeil, TO €€ pelIeHUs
1enecooOpa3Ho CpaBHUBATh C HW3BECTHBIMHU PEIICHUSMU APYTUX (HUINYECKUX

3a71a4, IPUBOIAIIMX K TOM K€ MaTEMAaTUYECKOU MOJEIIH.

Hemeuxuini xumuk JloTke paccMarpuBai IpoLECC ABTOKATATIUTUYECKUX
peakumii.  [Ipumepom  TakoW  peakuuMu  MOXKET  CIYXKUTb  peakuus

CaO +2HF H—20>Ca|:2 +2H,0. B a10ii peakiuu 1115 TOro, 4ro0bl pa3opBaTh

cBa3b H' —F~ HyXHO IpHCYTCTBHME MONSAPHBIX MOJEKYIN BOIbI PACTATHBAFOIINX

HOHBI B PA3HBIC CTOPOHBI. Tem cambiM CKOpPOCTb pCAKIMU 3aBUCUT OT HAJIUYUSA

MOJIEKYJ BOJIbBl — TPOAYKTa peakuuu. Takue peakuud Ha3bIBAIOTCS
ABTOKATAJIUTUYECKUMHU.
A—X s X Y 5y >B
HccnenoBaB peaknuro > > > JloTke ommcan ee

IMPOTCKAHUC YPABHCHUAMU

Z—f =k, XA—K,YX
‘3—: =k, YX —k,Y

On ITIOKa3aJl, 4TO B ATOM PCaKOUU MMPOUCXOOUT KOJIeOaTeIbHBIN mponecc, B

KOTOPpOM KOHICHTpAalA KOMIIOHCHTOB XnY MCPUOANICCKU U3MCHACTCA.

[To3ke, 3aHMMAasCh HKOJOTMYECKOW 3aJjadyeil, HCCIenoBarelib BoibTep

IMPCAITIOJIONKNUII, YTO HM3MCHCHHC IIOIIYJIOWMKM KXHUBOTHBIX B CHUCTCMC «XHIIHHUK-

s

dx
pra ax— pBxy
JKCPTBa» OIMHUCBIBACTCA CXOAHBIMH YPABHCHUAMMA d
Y _p
— =DXv —
at y=7ry

rame X — YHUCJIEHHOCTh INMOTCHIIUAIBHBIX KCPTB, a y — XHIIIHHUKOB. I/ICHOJII)BYH

pe3ynbTathl JloTke BonbTep mpuiien K BbIBOAY, YTO KOJeOaTEIbHBIM MpOIliecC
W3MEHEHUS YHCICHHOCTH MOMNYJAIMUA JIOJOKEH HMMETh MECTO M B CHUCTEME

(«XHIIHHUK-KCPTBaA».



W3 yHHBEpCcaTbHOCTH MAaTEMaTHYECKUX MOJIETICH CleayeT YHUBEPCATbHOCTD
pe3ynbraToB. Eciu HECKONbKO, pasHbIX MO (U3MYECKOH HpHUpoJe IMPOIECCOB
OMHKCHIBAIOTCS CXOJHOM MaTeMaTW4ecKOW MOJENbI0, TO OUYEBHIHO, YTO
MOJy4YEeHHBIE C TMTOMOIIBIO 3TOM MOJEIN PE3yIbTaThl MPUMEHUMBI KO BCEM ITHM

IpoLIECCaM.

HpI/I MMOCTAaHOBKE MAaTEMaTHUYECKOM 3agadu, TEM 60.]'166, €CJI1 B HCEC BXOIAT
HECKOJBKO ypaBHeHI/Iﬁ N pa3JIMYHBIC AOIMOJHHUTCIBHBIC YCIOBH, BaXXKHO ITPOBCCTHU

N3YUYCHHUC MAaTCMATUYCCKOT'O 000CHOBaHMS €€ MOCTAHOBKHU. DTO BK/IIOYAET B CceOs:

- HCCICIOBAaHUC BHyTpeHHCI\/'I HCIIPOTHUBOPCUYNBOCTH (He CJIMIIKOM JHX MHOI'O

YCJIOBI/Iﬁ MBbI HAJIOKHUJIN Ha pemeHHe), T.C. BOIIPOC CYIICCTBOBAHUA PCIICHUAA,

- BBEIICHCHHA BOIIPOCAa CAWMHCTBCHHOCTHU PCHICHUA (He CJIIMIIKOM JIX MaJo

JOITOJIHUTCIIBbHBIX YCJIOBI/Iﬁ MBI Saﬂaﬂl/l);

- BBIICHCHHUC BOIIPOCaA YCTOﬁqHBOCTH peICHUA IIPH HU3MCHCHHUU HAJIOKCHHBIX

JOITOJIHUTCIIBbHBIX YCHOBHﬁ.



I'maBa 1. Hexkoropsble KiIaccuyeCcKue 3a1a4u

MaTeMaTH4YeCKOi (PUBUKH.

§1. 3agaya ¢ TaHHBIMM HA XapakTepucTHKAaX (3aga4da ['ypca)

3amaueit ['ypca HaszpiBaeTcsa 3ajada TUIMEPOOIMUECKOTO THUIA, B KOTOPOU

HayaJIbHBIEC YCIIOBUS 33J]aHbl HA XapAKTEPUCTUKAX.
2
Panee B kypce MM® wusywanace 3amaga U, =a’U, ¢ HadaJbHLEIMH

ycinoBusMH, 3amaHHbiMM npu 1 =0. XapakrepucTukamu 3TOr0 ypaBHEHUS
sBistorcs npsmbie X =tal. [Toatomy, HayajbHBIC YCIIOBHUS 3a/1aBajlUCh HE Ha
XapaKTEpUCTHUKAX, W, CIEJ0BATEIbHO, pacCMaTpPHUBABILAsCSA 3aJaya HE SBISJIACH
3agaueit ['ypca.

PaccmoTpum npocrenmytro 3agauy ['ypca:

o =T(xy), x>0,y>0
u(x,0)=g(x)
u(0,y)=o,(y)
121(0)=,(0)

[IpounTterpupoBaB ABaXKIbl UCXOIHOE YPABHEHHE, MOYYUM pEIICHUE 3TON

—~

(1)

3aJ1auu:

](‘ungnd«fdﬂzl](x,y)—U(X,O)_u(O’y)+u(O’O)’ n _________(_x_::!.]’,
Otkyna i P
u(x,Y) = (X)+0,(¥) -0 (0)+ [ | f (&m)d&dn )
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Paccmotpum o6myro 3amauy I'ypea (B o6mactu x > 0, y > 0):

Uy, +a(x, y)u, +b(x,y)u, +c(x,y)u=f(xy)
< u(x,0)=g(x

u(0,y)=e,(y)
#1(0)=,(0)

3neck @ U @,, atakke a, b, ¢ u f - venpepoiBHO-TUDPepennpyembIe

©)

¢yukuuu. [epenumem ypaBuenue (3) B ciaeAyroeM BUIE:
u, = f(x.y)—(a(x y)u, +b(x,y)u, +c(x,y)u) (4)

PaccmarpuBas mnpaByio 4YacTh ypaBHeHUS (4), Kak HEOJHOPOAHOCTb B

ypaBHenuu (1), monyyaem u3 (2) crneayroiiyto Gopmydy:

u(xy)=(x)+9,(y)~(0)+

| f(&m)-a(&mn)u, —b(En)u, —c(&n)u]dédy )

O Ly <
O e <

C,IIGJIE[B H€p€O603HaquHe
Xy
F(xY)=p(x)+0,(¥)-e(0)+ [ [ T (&.n)d&dn,
00

u nuddepenuupys (5) mo X W mo Y, IPUXOAUM K CHUCTEME HHTErPaJbHBIX

ypaBHEeHUM ThNa Bonerepa
=—[[[a(&m)u, +b(&n)u, +c(&n)u]dédn+F(xy)
=—[[a(x.7)u, +b(x,7)u, +c(x,7)u]dr+F (xy) (6)

[a(é, y)u, +b(&,y)u, +c(¢, y)u]d§+ F,(xy)

11



otHocuTeNbHO dynkimit U(X,Y), U,(XY), U, (X,Y).

K(x,&)z(&)dE+ f(x)

Kak wu3BectHO, ypaBHeHue Boibrepa Z(X)z

O ) <

MOXET OBITh PEIICHO METOJIOM IMOCeA0BaTEIbHBIX NpUOIKeHuil. J[Jist 3TOro
paccMaTpUBAIOT PEKYPPEHTHYIO MOCIENO0BATEIBHOCTh Z,, YIOBIIETBOPSIOLIYIO

YCIOBUSIM:

n+l n ’ (7)

X
rie Az, =[K (X, & ) Z (5 ) dé. B kypce wWHTErpaibHbIX YypaBHEHHH ObLIO
0

JI0Ka3aHO, 4YTO IIOCJIEN0BATEIbHOCTh Z, PABHOMEPHO CXOAMTCS K HEKOTOPOM
byHKMU  Z, KoTOopas Oyner SBISATbCA  PEUICHHEM  pPaccMaTpUBaEMOTro
UHTETpaIbHOrO ypaBHEHHS. JlOKaTeabCTBO CTPOUTCS Ha MOCIEAOBATEIIBHBIX

omenkax s pasnoctu (Z,,, — 7).

B Hamem caywae, BBOAA BeKTop—(byHKuHH U ={u,ux,uy} )51

I'= {F, F. Fy} , CHCTeMY ypaBHEHHU (6) MOKHO MepenucaTh B BEKTOPHOM BH/IE:

U=AU+T, (8)

rje omnepaTtop A ompeaensieTcss mpaBoi 4acThio (6). AHAJIOTHMYHO CIIy4ar OJHOTO
ypaBHeHus Bombrepa, pemnienue (8) MOXKET OBITh MOJYYEHO C MOMOIIBIO METOaa
HOCTIEN0BATENbHBIX MpuOmmKkennil. Bekrop-¢pynkuus U MmoxeT ObITh HalineHa,

KakKk IIpcacia CXOI[)IHJ;GIZCH MMOoCJICAO0BATCIbHOCTH U OIIpCACIAACMBIX K3

n?

PEKYPPEHTHBIX COOTHOIIIEHUN:

U,., =AU +T

U o ©)

12



IIpu stom U, —U paBHOMepHO, T.c. Kaxmas U3 KOMIIOHEHT BEKTOP-
¢ynxuun U, paBHOMEPHO CXOAUTCS K COOTBETCTBYIOLICH KOMIIOHEHTE BEKTOP-

ynkiun U . Perienue (6) CymiecTByeT U €JMHCTBEHHO.

MeTon oKazaTenbCTBa ATHX YTBEPXKACHUH Takou ke, kak u mua (7),
OJIHAKO B MHOTOMEpPHOM CcJlydae OLEHKH cliokHee. bojee moapoOHO MX MOXXHO

U3y4HTh B yueOHHKax [1, 2].

HenocpencrtBennpM auddepeHImpoBaHUEeM MIEPBOTO U3 ypaBHEHHH (6) 10
X M Y JErko nposeputh, uto (ynkuus U(X,Y) - pemenme (6) ynoBIeTBOpSET
yeaoBusim (3). CrenoBarenbHo, perienne (3) cymectByer. Pemrenue 3amgaun (3)
eAMHCTBEHHO. [[eHiCTBUTENHHO, MBI HHUTJE HE MPEANOarajiy CrelualibHOro BUIa
pemenus. [Tostomy, s modoro perieHus (3) MOKHO MMPOBECTH PeoOpa3oBaHus,
CICIIaHHBIC BBINIC W TNPUUTH K CHUCTEME YypaBHEHUU (6), pCIICHHE KOTOPOWM

CAUHCTBCHHO.

§2. Oomas 3agaua Komu niist runep001M4ecKux ypaBHeHUI.

IHocmanoeka ooweit 3a0auu Kowiu.

Lu quy +a(X,y)UX +b(X, y)uy +C(X’y)u =f (X’y)

e =e(xy) (1)
ou
\%C —l//(X, y)

B stoi1 3a1aue XxapakTepuCcTUKaMu ypaBHEHHUs OynyT mpsimbie X =CONSt u

y = const. Ha koutyp C HalOXuM CIIEIyIOIINUE YCIOBUS:

y, B
C
1)  C - riagkas KpuBasi;
2)  C— He ABISICTCS XapaKTEPUCTUKOM;
3)  Jlwobas XxapaKTEepHUCTHKA IEpECceKaeT M, A
X
koHTYyp C oauH pa3 (Puc.1).
Puc.1

13



Oneparop K Buaa
Kv=v,, —(av) —(bv)y +cv (2)
Ha3bIBAETCs CONPSHKEHHBIM K orepaTtopy L .

Hetpynno nposeputs, uro VLU —UKV = 1£@ — G_Pj , (3)

2\ ox oy

TAac

P =uv, —vu, —2buv
(4)

Q=vu, —uv, +2auv

[IpounrterpupoBas ypaBHenue (3) mo obmactu D, u ucnone3ys gopmymry
I'puna, nonyuum:

j(vLu —UuKv) dx dy :%I

D D

R_P 1 -
[ax ayjdxdy 2I[(Qderde)

1% 1 1
:EI de+§dey+§j(Qdy+ Pdx) (5)
M, B AB

PaccMoTpuM 10 OT/AEIBHOCTH HHTETPAJIBbI, BXOASIIUE B TPABYIO 4acTh (5)

A A A
I Pdx = '[ (uv, —vu, —2buv)dx = J (uv, +uv, —2buv)dx +vul.* =
M, Mg My

A
M
= ZJ' uRvdx+vu|A0 ,
MO

rae Rv=v, —bv

14



AHAJIOTUYHO, BBOJS ONEPATOP TV=Vy —av, npeoOpazyeM BTOpPOl HHTErpan B

npaBoi yactu (5):

M, M,
dey =—2ITvudy+vu|gA°
B

B

Ncnonw3ys (5) u notydyeHHbIE BHIPAKEHUS UMEEM:

A My
:—VU|B +VU|A — I uRvdx + I uTvdy —
2 M, B

(vu)|,
(6)
_ %j(pdx+Qdy)+I(vLu—qu)dxdy

D

Ha ¢ynkuuio V moka He ObUIO HAJIOXKEHO HHUKAKUX YCIOBUU Kpome
riagkoctu. [loaTromy MOXHO BBIOpAaTh (QPYHKIMIO V TakK, 4TOOBI MaKCHUMAaJbHO

YIPOCTHUTH MPABYIO 4acTh (6).

[ToTpebyem, 4TOOBI OBLIO BBIMOJIHEHO:

(Kv=0
J Rv=v, —bv=0 na M A

-
Tv=v,—av=0 na BM, ")

v=1 6 mouke M,

Odynkiueit Pumana Vv =V(M, I\/IO) Ha3bIBaeTCsAd (DYHKITUSA, SIBIISIOIIASICS

pemrenuem 3agaun (7).

3amaua (7) sBhseTcs 3adavyeil ¢ JaHHBIMU Ha XapaKTepUCTHKaX — 3aJaydei
I'ypca. Drta 3amaua Obuia paccMoTpeHa paHee. Ee pelmieHue CymiecTByeT u

€ IUHCTBEHHO.

Cunras QyHKIHO PuMaHa M3BECTHOM, IMOJICTAaBUM €€ B BhIpaKeHHE (6) H

MOJIy4yuM penieHue 3aaauu (1) B Bue:

15



U(MO)ZVU|A+VU|B

AB

1
+ ! vidkdy - j (Pdx+Qdy) (8)

Jnist pacueta nocieaHero uurerpaia B (8) mo koHTypy C Mexay Toukamu A

u B, HyXHO NpencTaBUTh YACTHBIE NMPOM3BOJHBIE (PYHKIUMU U B CIEIYIOLIEM

BUIC:

u, =u,cos(X,z)+u,cos(x,n)

u, =u, cos(y,z)+u,cos(y,n)

3HaueHU Un 151 UTOHPGI[GJIHIOTCH YCJIOBUAMU Ha

kpuBoii C B 3amaue (1).

}!

®dopmyna (8) sBasiercs obo0meHuemM popmynsl Jlanambepa. M3 Gopmyrsl

(8) Bummo, uro 3mavenue U(M,) onpenensercs
ycaoBusAMH Ha ydactke AB kpuBoit C 1 3HAaUCHHAMU
f BHyTpu XapakTepucTH4eckoro (KpHBOIMHEHHOIO)

tpeyronpurka M AB .

O6patumMcst K TpeOOBAHUIO, HAJOKEHHOMY
Beilie Ha  KpuBywo C. Homyctum,  4TO
XapakTepucTuka rnepecekaer koHTyp C B JAByX

Toukax. Torga pemieHne MOXKeT HE CyIIeCTBOBATb.

Puc. 2

JlefcTBUTENIBPHO, PACCMOTPUM CHUTYAIIMIO, H300paKEHHYIO Ha puUC. 2.

B Touke M, pemienue, ¢ OOHOW CTOPOHBI, MOJHOCTBK) OMNPEIECICHO

YCJIOBHSMH, 3aJaHHBIMH B KpuBonmHeitHoMm Tpeyronshuke M AB; ¢ npyroii

cropoust M, cC, mostomy pemieHne B 3TOM TOYKE ONPEACICHO BTOPBIM

cootHomerneM B (1). Ecam 3Tm 3HaueHWs HE COBMANAIOT, TO pEIICHHE HE

CYLIECTBYET.
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Cmuicn pyukuyuu Pumana.

Oynkumst Pumana V(M,M,) Gbita onpenenera B (8),

A

Kak perieHue 3amaun ¢ auddepernuanpabiM onepatopom K .

PaccMoTpum pernieHme W:W(M : Ml) clenyromel 3agadu ¢

omnepatopom L :

Lw=0
w, +bw =0
( X )MAl
(Wy+aw)MBl =0
w(M,)=1

9)

Hama 3amaya — mokaszaTh, 4YTO (QYHKIHU V(I\/I,Ml) 51 W(M,Ml)

COBMaamT, T.¢. pemienue (9) ects hynkuus Pumana. Umeem:

B, M, A
0=2 I (vVLw—wKv) dx dy = j de+.[Qdy+J'[va—vwx—2bwv]dx+
A

MoB M1 A Mo M,
Ml)

= (o), + ()], [ ()], + (o)

0

+hf [va —Wv, + 2awv} dy = 2(vw)
B,

()], ~(w)], )

[IpuBens momoOHBIC WIEHBI B MPAaBOM YaCTH, MOIYUHM: (VW)M

0
PaBEHCTBO, C YYETOM YCJIOBHUU W(I\/Il):l 5 V(I\/Io)zl, naer W|M0 =V|Ml.
Otcrona nmeem V(MO,M1)=W(MO,I\/I1). Takum obOpaszom, ¢yHkums Pumana

ecTh penrenue 3agaun (9).
Jlis BeIssIcHEHUs (DU3WYecKoro cmbicia (QyHKIMU PuMaHa paccMoTpuMm
(0600menHoe) pemenne 3amaun (1) ¢ mpaBol 4acThiO B BUJE AeNbTa-(DYHKIINN U

HYJICBBIMU I'PAHUYHBIMH YCIIOBHUAMM:
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Lu=6(M,M,)
_al _, (10)

u|c _%c -

ITo ¢usmyeckomy cmbicay 3anaun (10), ee pemienue sBisieTcs QyHKIUEH

BIMSIHHSL B TOYKe M TOYEYHOro MMITyibca coobuieHHoro B Touke M,. U3 (8)

CleyeT, 4YTO peleHueM d3Toil  3amaum  Oyner  ¢yHkuus  Pumana
u= V(M , M1) = W(M , Ml). Takum o6pazom, pynkuus Pumana — 3Tto QyHKIUA

BJIMAHUA TOUCHHOT'O UMITYJIbCA.

Ypaenenue ¢ nocmoannvimu ko3ppuyuenmamu.

[Tycth KOADPUIIMEHTHI a(x,y) u b(x,y) PaBHBI TOXJICCTBECHHO HYIIO, a

Cc =const. Toraa 3agaua (9), onpenenstomas Gynkuuio Pumana, npeobpasyercs B

3aavy:

(11)

w, +cw=0
wW=1na M,A u M,B

Haiinem ee pemrenne. Ilycts Touku M u M, unmeror koopamHaTsl

M=M (x,y), M, = I\/IO(XO, yo). Bynem uckate perrenne 3agaun (11) B BHae

W= g(\/(x—xo)(y— yo)). BBenem o0o3HaueHne Z = \/(X—XO)(y— yo). Torga

y_yo

gX - gZZX = gZ

(X—Xo)(zy—yo)wz[l (X—Xo)(y—yo)}gui

gxy = gzz

A7 27 47° 4 4z

C yuyetom ycnoBus g (0) =1 3amaga (11) npeoOpa3syercs Kk BUIY:
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9
~£+4cg =0
9, + . +4Cg (12)

g(0)=1

Ee pemennem sBuserca ¢yHkuua beccenss  HyJIeBOro  mopsijka:

g(X,y):JO(Z\/C(X—XO)(y—yO)). Takum oOpa3om, HaiijgeHa (QYHKIUS

Pumana js caysas a=0b=0, c=const.

3aoaua Kowiu 014 ypasnenusn Koiedoanuil.

Paccmorpum 3amauy Komm Ha OECKOHEUHOM MpsIMOW [l ypaBHEHHS C
NOCTOSIHHBIMU KO3 pUIIeHTaMH:
u, —u,, +au, +bu, +gu=0
u|t:o - ¢( Z) (13)
Ul =v(2)

rae a,b, g —const, ze R, Byxem uckars perenue B Buge U = UePz-a)/2

[TogcTaBuB TakoW BUJ (QYHKIHH u(z,t) B cucremy (13), momydum

CJICYIOIYI0 CUCTEMY ypaBHEHUI oTHOcHuTebHO U (Z,t):

U,-U,+cU=0
Ul =2(2)e™ =p(2) (14)

Ulo=(v(@)+30(2) e =1(2)

2 2
rne C=0g+—-— Z Jlemaem 3ameny

4

nepeMenHbix: X=1{+2z, y=t-2z .




CoOTBETCTBEHHO: t =

B nepemennbix X,y ypaBHenue 3anaun (14) npuoOperaeT BUI:
U, +-U =0
w T e (15)

I[JIH HECTO (I)YHKL[I/ISI Pumana MMOCTPOCHA B MPCABIAYIICM ITYHKTC. Ona paBHaA

v=J (\/C X X (y Yo ) (\/_\/t t )2) dopmymna  (8)

ornpeaenseT perienue 3aaaqn (15):

(W), +(v), 1%

U(z,,t)= 5 —EI[(—UXVJrvXU)dx+(va—va)dy}:
A

.

U| +U| 1I (—Ut+UZV+Vt+VZUde—(Ut_UZV—Vt_VZUde}:
2. 2 2 2 2
B J—

U| +U| +;[ (vUt—th)dz]:%(ZO t0)2¢1(20+to)+ (16)
A

1 25+,

= Wl(z)Jo(\/E\/tj—(z—zo)z)—gpl(z)Jl(

Zp—ty

JE\/tg —(z—zo)z)
\/tj —(z-2,)

Beipaxkas ¢ nomomsio (14) ynkuun @ u Y, depes @ u Y/, monydaem

JEtO dz

pemrenue 3anaun (13).

Ecmm a=b=9g=0,10 @0 =¢,, ¥ =y,. Hockomsxy J,(0)=1,a J,(0)=0
To popmyina (16) nepexoaut B popmyny Jamambepa:

. PARAN
u(zo,to):(p(ZO to);¢(zo+t°)+% j w(z)dz

Zp—to
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(DyHKl{u}l GJIUAHUA MOUECUHO20 Umn)JjibcCd.

CDYHKI_[I/IH BJIMSIHUA TOYCYHOT'O HMMITYJIbCAa OIPCACIIACTCA, KaK PCIICHUC (B

KJ1acce 0000IIeHHBIX (DYHKIUI) 3a/1a4u:

u, —u,, +au, +bu, +gu=0

Ucnonwiys (16) nonydaem:

a, b z+t
1

u(z,t)=e 2 2 EJ

-t

{5(77—20)6ZUJo(ﬁJtz—(ﬂ—Z)z)}dn -

—3t+9(z—z ) ‘]O (\/E\/t2 _(Z —Z )2)
_Jez 2 " > 0|z — z| <t (18)
0 ,dﬂ}z|z—zo|>t
2 g2
rae C—g—i-?—?.

1

= omslz—
Benn a=b=0=0, 1o U(Z’t):%H(t_P_ZoD: 2 ezl

0,

onst |z —zy| > 1
§3. Ilepenoc BemecTBa B AByX(a3Hou cpene. luHamMuka coponum.

IHlocmanoeka 3a0auu.

CopOeHT — 3TO BemecTBO, CIOCOOHOE coOMpaTh HA CBOEH MOBEPXHOCTH
HEKOTOPBIM KOMITIOHEHT W3 OKPYKarolled cpeapl. TakuM BEIIECTBOM, HaIpUMED,

SBJIIETCS] YTOJIb B TIPOTUBOTA3e, WA TPAHYJbl B (DUIBTPE NJIST OUYUCTKH MHTHEBOU
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BOJBL. SIBieHME cOpOUMU pacHpoCTPaHEHO B MPUPOAHBIX U TEXHOJIOTMYECKUX

npoueccax. PaccmorpuM 3agady copOumu B IpOCTEHIIEM BUJE.

[IycTh MMeeTcsl KOJIOHKA, 3aloJHEeHHas rpanynamMu copoenTa. Ilo konoHke
clieBa HAalpaBO C MOCTOSHHOW CKOpPOCTBhIO ( JBMKETCS MOTOK MKUAKOCTH (WM
ra3a), KOTOpblid IEPEHOCUT PACTBOPEHHOE B HEM M3ydyaeMO€ BEUIECTBO - LIEJIEBOM
KOMITIOHEHT. DTOT KOMIIOHEHT MOXET CEJIEKTMBHO OCa)KJaThCs HAa MOBEPXHOCTH

rpaHy’ copOeHTa.

OO0 OO, _a,
OOO%O 00~ 0

Ox

>

Brenem cnenyronme 0603HaueHUS

u (X,t) - KOHOCHTpAaluA KOMIIOHCHTA B MCIK3CPHOBOM IIPOCTPAHCTBEC (KOJII/I‘IGCTBO

KOMIIOHCHTA B MCK3CPHOBOM IIPOCTPAHCTBC HA CAVMHUILY o0beMa KOJIOHKI/I);

a(X,t) - KOHOCHTpAaOus KOMIIOHCHTA, COp6I/IpOBaHHOFO Ha IMOBCPXHOCTHU T'PAHYII

(KONMYeCTBO COPOMPOBAHHOTO KOMITOHEHTA HA €IUHUILY 00beMa KOJIOHKH).

(DyHKHI/IH a:(p(u), CBsI3bIBAIOIAsl KOHLICHTpAllMIO KOMIIOHCHTa B q)a3e

copOeHTa ¢ ero KOHIEHTpalueil B (a3e pacTBopa MpuU yCIOBUM UX PaBHOBECHS
(paBHOBECHBIE KOHIIGHTpAIlMK) Ha3bIBaeTCs u3oTepMmoin copbiuu. C pocTom
KOHIIEHTpAIlM KOMIIOHEHTa KOJUYECTBO CBOOOJIHBIX
MECT Ha TMOBEPXHOCTH COpOEHTa, KyJa MOTYT CaauThCS
ero MoJieKynbl, yObiBaeT. IloaTomMy KpuBas (p(u)

u

|
|
|
|
|
|

BBIXOJHUT HAa HACBIIIICHHC.

N
7

OOBIYHO paccMaTpUBAIOT OJHY W3 JBYX HM30TEPM: B CIlydae MajbIX

KOHIeHTpaluii - nuzorepmy I'eapu a=IuU, rme I' koHcTaHTa — HAaKJIOH KPHUBOI
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(p(u) Ha HAYyaJlbHOM YYaCTKe; B CJIydyae 3HAUUTENIbHBIX KOHILIEHTPALUN —

k,u
u+k’

nzorepmy Jlenrmropa a = (p(u) =

[TockonbKy u30TEpMa SBISETCA B3aMMHO-OAHO3HAYHOM (DYHKIMEH, MOXKHO

paccMaTpuBaTh 1 0OpaTHYH0 n3oTepMy B Bijae U=/ (a). OOpaTHbic H30TepMBbI

OyIyT COOTBETCTBEHHO 3aJaBaThCs CIAEAYIOIMMMHU (PYHKIUSIMU:

a
nust u30TepMbl ['enpu U = y/(a) — =

U 11 n3otepmel JIenrmropa U = W(a) = " .
—da
1

PaccMOTpUM HEKOTOPBIM Malblii y4acTOK AX U 3aluilieM YpaBHCHHE

OanaHca paccMaTpUBAEMOI0 KOMITOHEHTa 3a Bpemsi Al :

X+AX

J [a(nt+at)+u(n.t+at)-a(nt)-u(nt)] dn =
t+Zt (1)
! Q[U(X,T)—U(X+AX,T)] dr

[Tonaraem, uro QyHKIIUU u(x,t) u a(x,t) UMCIOT HCIIPEPHIBHBIC YACTHBHIC

IpPOU3BOIHLIE TIEPBOro mopsaka. Torma, mogenus paseHcTBo (1) ma AX AL,

yctpemuB AX u At K Hymo, MOJy4HMM YypaBHEHHE OajaHca BEIIECTBa B

muddepeHIaaTbHOM BHJIE:
a +u, +qu =0 )

VYuteMm, 4yTo copOIIHs BelecTBa MPOUCXOIUT HE MTHOBEHHO, a 32 HEKOTOPOE
BpeMsi. CKOpOCTh M3MCHEHHS KOHIICHTpPAllMM COPOMPOBAHHOTO BEIIECTBA
MPOMOPIMOHAIBHA PA3HOCTH TEKYIIEW M paBHOBECHOW KOHIEHTparui. J{omomHss
ypaBHEHHE (2) KMHETUYECKUM YpaBHEHUEM, W 3ajiaBasi HadaJbHbIE W TPaHUYHBIC
YCIIOBHS, MOXHO TIOCTaBUTh MPOCTECHINYIO 3a1ady copbumm B obmactm X >0,
t>0:
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(@, +u,+qu, =0

a =pu-y())
a|t=0 = u|t=0 :O

©)

u

N

x=0 UO

rie [ kuHeTndeckuid ko3 duiment.
Boipaskenne 7 =t— X/ Ha3biBaeTCs JOKAIbHBIM BpEeMEHEM. 3HAUCHHE T

«3ara3JibIBacT» OTHOCHUTEIBHO  Ha BpCMs MCPCHOCA BCUICCTBA OT T'paHUIBI 10

paccmaTpuBaeMoil Touku X. PaccmMoTpum U Kak (PyHKIMIO TEpEeMEHHBIX 7, X.
Torpa
ou(z,x) _ou(r,x) oudr (au dr auJ ou ou( 1) ou ou
+q =—— 4 ——+— |=—+q| —| = |[+— |=g—
ot OX or dt ordx ox) or or\ q) ox OX

Takum 06pa30M, npu nepexoac K JIOKAaJIbHOMY BpPEMCHH, BBIIIOJHCHO!:

U, +qu, =qu,. Oto nemaer mepsoe ypaBHeHue (3) Gomee mpocThiM. BooGie,

nepexoa K JIOKAJIbHOMY BPCMCHU ABJECTCA THIIMYHBIM IIPUCMOM B 3aJddax

IIepeHOCa BCUICCTBA.

Jnst perienust 3aiaun (3) BBEJIeM HOBBIE IEPEMEHHBIE:

r=/{t—5j, &= B
q q

[Ipu stomM o6macts X >0, t >0 mnepexomur B obmacteé >0, 7>-&.

Cuctema ypaBHeHuidl (3) mnpeoOpazyeTcss B AT

CUCTEMY:

a,+u,=0

a,=u-y(a)

a ~0 (4)

—¢

ul__.

ul,_, =u,

£0
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[poauddepenimpoBaB  Bropoe ypaBHeHne cuctemMsl (4) mo &

HCIIO0JIb30BaB IICPBOC YPABHCHHUC, UMCCM:

a,:+a, +y'(a)a; =0

5
aVJréc:O =0, ar|r+§=0 =Uu- l//(a))|r+§20 =0 )

PaccmotpuM  mpomsBosbHOe pemerne (5) B obmactu  —&<7<0

(3amTpuxoBaHHOM Ha puc.l). Ilpu mr000i1 PUKCHPOBAaHHON (YHKIUHU &, MOXKHO

paccmatpuBath Y '(2), Kak 3amaHHbIi nepeMeHHbIM KodGduuuent K. lanee, Ha
npsimoit & +7 =0 Bemonneno: a, =a, cos(z/4)+a cos(z/4), rae | Bexrop
BJIOJIb IPAMOM, a N mo Hopmamu K Heit. (Cwm. puc. 1). OTcroma ¥ U3 rpaHUYHBIX

ycJioBHi (5), moaydaem: an| Fir=0 = 0. B pe3ynbrare, B 3aITPUXOBAHHOM 00J1acTH

HNMCCM 3a1a1y:

a:, +kaz+a, =0

a=a,=0 npu £+7=0

CornacHo dopmyne (8) u3 §2, 3Hauenue a B J000H Touke Mo,
NpUHAJIeKAIIed  3alITPUXOBAHHOW  00OJacTH, OmpenesseTcss  3aJaHHBIMU
(HyneBbIMH B JAaHHOM CIlydae€) YCIOBHSMH Ha OTpe3ke AB — OCHOBaHHH
XapaKTEePUCTUYCCKOT0 TpeyroabHuka MyAB. OTCioja @ paBHO HYIIO BCIOAY B

samTpuxoBanHoi oonacty. ITo Henpepsisaoctn & =0 npu 7=0.

Ha rpanure £ =0, coriacHo (4), BBIIOIHEHO:

a, =Ug—y(a), a,_o=0 (6)

O6o3naunm  pemienne 931od  3amaun, kak Q(r). Torma B o6nactu

& >0, 7 >0mnonyvaem 3anauy:

a,+a, +y'(aa; =0

A0=0 8 =Q0) "
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K UCCIIEJOBAHUIO PELICHUs KOTOPOU MBI U IEPEUIEM.

PaccMoTpuM JMHEHHBIM ciaydal - 3amayy C¢  usorepmor I'eHpu, u

HEJIMHEWHBIN Cllydal — 3a1a4y ¢ uzorepmou Jlenrmropa.

Juneunviii ciyuail.

Ilycrs @(u)=Tu, coorsercteenHo w(a)=al/l". Jlns otoro ciyuas

peraeM 3anauy (6) U MOACTABIIIEM HAWICHHYIO ()YHKITUIO Q(z') B (7). Ilonyyaem
3agauy ['ypca:
a+a, +a:/I"'=0
-zl
A _0=0, qco=Tupl-e ")

JIs TIPOCTOTHI 3allMCH BBEAEM HOBYIO mepemennyr € =7/[ u BeiOepem

0e3 orpaHu4eHus OOIIHOCTY (3a/1a4a JIMHeWHa) 3HaueHne Uy TakuM, uto [ i =1.

Torna B oonactu @ >0, 7 >0 umeem:

a9§+a0+aé:20

0 (8)

Hemnaem 3ameny QyHKIuu: a = ze‘(9+§). Beruuciiss npousBojHbie Z 1o &

u 0, noxcrasisis ux B (8), Hoaydaem: OA
(96139])
Zyo=0, 7._o=6"-1
6=0 =% 4e=0
> ¢
0 B .

Oynknus Pumana s 3Tou 3axaun Oblia

nocrpoena B §2. Ona umeer Buxa: V(&,60,&,6) =1, (2\/(5—51)(9—6?1)), rae lo -

dynkius Uadenpaa nyneBoro nopsiaka. Cormacto (8) u3 §2 nmeem:
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B

2(6,61) = (V) ; (2V)e —%I[(ng —Vz2)dE +(Vzg — 2vg)d0 | =
A

o, 0 o, 0=06=0 6,

e -1 1 b1 |v]2e 4

- _EI[V29_2V9]|§=Od0: > + 9291’§O+J‘[V29]|§:od6’:
0

2

1

6
= Ieelo(Z 51(91—9))(15
0

Otcrofia HaxoMM, YTO pelieHue 3anaun (7) Beipaxkaetcs HOopMyJIou:
91
a(0, &) =ze" ") = _[ e (A 0emay, (2 &(6 - 0) )d@ =
0

:e“i?e—@lo(z £0)do
0

Ha pucyHke wu3o0paxeH BHI g
peleHns I HECKOJBKUX MOMEHTOB

BpPCMCHU @ . 3nauenue KOHIOCHTpPAIUU

OcJICBOIO KOMIIOHCHTAa B (1)2136

>¢

COpPOIMOHHYIO KOJIOHKY) CO BpEMEHEM Bo3pacTaeT 10 1, GpoHT pacnpocTpaHEHUs

copOeHTa Ha TpaHuie (BXoJae B

KOMIIOHCHTA ITPOABHUIACTCA BAOJIb KOJIOHKH, PACIIIBIBAsACH.

Henuneinwtii ciyuail.

Y
. I
Paccmorpum citywair n3orepmsl JleHrmropa | uey(a) :
k,u |
a=p(u)=—2—. !
u-+k I
[
Koapduument Kk; - 3to makcumanbHOE N
[

KOJIMYECTBO KOMIIOHEHTAa B COPOMpPOBAHHOU (asze, o Ik, >a

coorserctBytomee U —> 00, (0<a <kq). O6parnas Puc. 2.
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3aBMCMMOCTh PAaBHOBECHOIO 3HayeHWs U oT a umeer Bua U= (a) =

ki —

\ kiK

[TocienHsist 3aBUCUMOCTh MTOKa3aHa Ha pucyHke. Haxomum y'(@) = ——>0,
(k; —a)
" 2kqk
v = —13 >0.
(k; —a)
PaccMOTpUM  KadyecTBEHHEI  XapakTep  pelleHus N
ypaBHeHH 3a1aun (4) B aToM ciydae. [lycts npoduis V'(a)
a, kak ¢QyHKIMH &, UMEET BHJ IUIABHO YObIBaroOIIei
(ynkuuu. Torma, U~w(a). U3 nepBoro ypaBHeHHs
N

a, +Uz =0 nomywaem: a,+y'(@)a;=0. Dro - > ¢

KBa3WJIMHEIHOE YpaBHEHHE.
Kak wu3BecTtHO M3 Kypca nuddepeHranibHbpIX ypaBHeHH (M OyaeT Hamu

obcyxmarecsa B §1 T'naser 2), B oTom ypasHenun Y (@) - kodddumuent, crosmmuii

Inmpu aé: - UMCCT CMBICJI CKOPOCTH IICPCHOCA CO BPEMCHCM 3HAYUCHUA d BJI0JIb OCH

&. Tlockombky W '(@)pacrymas ¢yHKmEs @, TO OOJbIIME 3HAYEHUAM a
nepeHocsTcs ObicTpee. DpPOHT CTAaHOBUTHCSH Oosiee  KpyThiM. OpHako U3
YPaBHEHMs KHHETHKHM CJIE/YeT, 4T0 a8, =—Ugs =U —w(a)< Upmayx - ClIEN0BaTENBHO,
KpyTH3Ha (PpoHTa OorpaHuycHa. PereHue BBIXOIUT Ha PEXUM OCryIed BOJIHBI
a=f(£—vr), korma oOpasyercs HEKOTOPBIA YCTAHOBUBIIMNCS TNPOQUIb,
MIEPEHOCUMBIA  BIOJb  OCH § YHuciieHHOE  MOJEIMPOBAHHUE  IpoIlecca,

MOJITBEPIK/IAET MPUBEICHHBIE KAYECTBEHHBIE COOOPaKEHUSI.
Onpenenmnm Bun pynknun f. s 3Toro paccmorpum pemieHue B hopme

Oerymeii Bomabl a= f (& —Vr) cuenyromei 3amaun Ha GECKOHEYHOM YYaCTKE
—0 < £ <oo!
a,+a,+y'(a)a: =0

9)
a‘f:—oo = aO’ a“f:oo =0

[ToacTaBmnsst ICKOMBIN BUJI pelieHust B ycsioBus (9) nmonydaem:
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VE v () T =0

f(-w)=ag, f'(~0)=f(0)="f'(0)=0 (10)

Uurerpupyst ypasrerune (10) or —oo 1o oo, umeem: Vay =/(8y). Orcroza

HAXOJUM CKOPOCTh IepeHoca: V = M Wnterpupys ypaBuenue (10) ot ¢ 1o
E)
oo, monyugaem: Vf ‘(@) +Vf () —y(f ()) =0. Vcnons3ys HaiineHHOE 3HAYCHHUE
V, IMeeM:
df
w(a) df _ w(f)- v(@)
a8y da

D10 ypaBHeHHue ompenenser npodunb Oerymeii Bonnsl f(a). 3nauenue
IPaBOi YaCTH YPaBHEHHS PABHO JUIMHE BEPTUKAIBHOTO OTPE3Ka MEKTy IPSAMON M

KpHBOii, coepubsromunx Touky 0 ¢ Touxoii ((ag,w(8y)), Ha puc. 2.

df
BungHo, yTO TIpoM3BOAHAs —— OTpHUIATEINIBHA, A2
a —
maia ipu a~0u a= dp ¥ BO3pacTaeT o MOJYJIIO B \
»
~ ~ e

CpeIHEH YacTH MHTEpBajia 3HaUYCHUH a. \

Wrak, cpaBHUBas pe3ysbTaThl, IOJIYUYCHHBIE IS S

>8

JUHEHHOTO M HEJIMHEWHOIro CilydyaeB, BUAUM, YTO B

JUHEHHOM ciydae (GPOHT BOJHBI KOHIEHTpAIlMU MPEACTaBIsieT coOoM
IIPOJIBUTAIOIIUICS 1O COPOIIMOHHOW KOJOHKE pacIUIbIBalOmuiics mpoduias. B
HEJIMHEHHOM cliydae oOpasyeTrcss Oeryimas BOJHA IIOCTOSHHOTO MPOQHIIA.
OOpa3zoBaHue TMOAOOHBIX CTPYKTYp HMEET MECTO BO MHOTHX HEIMHEHHBIX

3aJadax.

§4. Meton momoousi. 3agaua Credana

Memoo noooousn

B HCKOTOPBIX (bI/I3I/ILIeCKI/IX 3aJa4ax YpaBHCHHA W AOOINOJHUTCIIbHBIC

YCI0BHA COXPAHAIOTCs, CCIIN IICPCMCHHBIC Xi N3MCHUTH B HeKOTOpOﬁ IIPOIMOPILIKH.
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B »TOM cnywae wnenecooOpa3HO NPUMEHATh METOJ MOJ00Ms, IMO3BOJSIOMINN
YMEHBbIIaTh YUCIO TEPEMEHHBIX, B35SB B KayeCTBE HOBBIX NEPEMEHHBIX
KOMOMHAIMIO CTapbiX. PaccMOTpUM 3TOT NpueM Ha NpUMEpe H3BECTHOM Ham

OJIHOMEPHOM 3a/1a4 TEIUIONPOBOJHOCTH B OECKOHEUHOM 00JaCTH —00 < X < 00

u =a’u,

1, x>0 (1)
U(X’O):{O x<0

Ard 2 v
3aMCTI/IM, 4qTO IIpU YMHOXCHHNHU IICPEMCHHOU { Ha k U IICPECMCHHOM X Ha
k Bce YpPaBHCHUA COXPAHAIOTCA. HOBTOMy MOKCM HCKATbh PCUHICHUC B BHUJC

X
(GYHKIMU TepeMeHHON T O603HaUNM

t 2ak
u=f(z).

Tornpa mnepBoe ypaBHeHue cuctembl (1) Oyzaer BBITISAETh Tak:

= 2. Nmem pemenue B hopme

—f'—=af" . aBce cuctema (1) IPUBOIUTCS K BUIY:
2t 4a’t (Lmp Y
f"=-2zf"'
f(~0)=0 @
f (oo) =1
3amaua (2) nerko pemraercs. Mmeem: f'=Ce™. Orciona f(z)=C j e dx.

Koncranty C ompexaenseM TMOACTAHOBKOW peEIHIEHUS B MPaBO€ TPAHUIHOE
1

=

ycnosue:  f (oo) =1=C I e dx=Cr. Cnenosarensno, C =
TakuMm oOpazom:

e dx =2 1+<D( ) 3)

- e

30



rae @ - uaTerpan omuboK. M, HakoHEI], BO3BPAIIAsACh K UCXOIHBIM NIEPEMEHHBIM,

moJry4acM M3BCCTHOC PCHICHHUC 3a/1a4u:

u(x,t):% 1+ D

X
2a/t

Ecnu wucxogHoe ypaBHEHME HEIMHEMHO, TO B3aUMOCBA3b MEXKIY
MEPEMEHHBIMM TIOMOTae€T CBECTM YPaBHEHHWE B YACTHBIX MPOU3BOJHBIX K

YPaBHEHHIO B OOBIKHOBEHHBIX MPOU3BOIHBIX. PaccMOTpuM crienyronlyto 3aaaqy:

(k(u)u,)
1x>0 (4)
0, x<0

X
3aMeHOH 7 = Z cucTeMa NPUBOJUTCS K BUAY:
t

()

[lonyuyeHHOe ypaBHEHHME B cHCTEME (D) TakKe SBISETCS HEJIMHEIHBIM,
NO3TOMY AHAJIUTUYECKH €r0 PEUIUTh HE MPEICTABISIETCS BO3MOKHBIM. OJHAKO
UCCIICIOBaTh M YHUCICHHO pernTh 3aaa4dy (5) 3aMeTHO Jierde, 4eM HCXOIHYIO

3agauy (4).

3aoaua Cmeghana (3a0aua o ¢pazoeom nepexooe)

3anmaueit Credpana Ha3bIBAaeTCS 3a/ada O PACIPOCTPAHEHUM TEIJIa B JBYX
COTPUKACAIOMINXCA 00JaCTIX, TpaHUIla MEXIY KOTOPHIMU MOKET MepeMeniaThCs

BceACTBUE (a30BOTO MEpPexoa.

0
S

PaccmoTpuM 3Ty 3amady Ha mpuMepe Mporecca OTTASIBHIAA 3eMJIst

OTTamBaHus Mep3J0M 3emiu. IlycTh Be3e B ouBe, HUKE ‘M_epij-ﬂ'i}ﬂ 3eMIH

JHEBHOM  IOBEPXHOCTH, HadajlbHass  TeMIleparypa
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orpunarenbHas W paBHagd C_ <0, a Ha NOBEPXHOCTH, HAayMHasg C MOMEHTA
Bpemenu t =0, Temneparypa noyiokutenbHas, nocrossHHas U paBHas C, >0. C
TEYEHHEM BpPEMEHM 3€MJIsl MpPOrpeBaeTcs BriayOb W MpPHU JOCTHXKEHUHM HYJIEBOU
TEMIEpaTypbl — OTTauBaeT. Tpedyercs ONpeAeNuTh TEMIEPATypHbIA MPOQPUIIb
MOYBBI M CKOPOCTH JIBH)KCHMS TPaHUIlbl, OTMEUYEHHON HAa PUC. KOOpJAUHATOM &, Ha
KOTOpOM TeMIiepaTypa paBHa HYJIO U MIPOUCXOAUT NEpexoa BoAbl U3 (a3el Jibaa B
¢dazy KUIKOCTH.

duznyeckrue K03PGULUMUEHTHI y 3aMep3lIel U OTTasBIIEH 3€MJIU Pa3IHYHBbI.
[loaToMy muist ommcaHUsl TEIJIONEPEHOCa B ATUX 30HAaX OyAeM paccMaTpuBaTh
OTAENbHO TeMnepaTypy U, - ma X <& m U,- mna X > &,

VYutem, uto (azoBslii nepexoa Tpedyet 3artpart temia. [lycte A - ckpbiTas

TEIUIOTA MiaBaeHus. Torga mponecC MOKHO OITUCATH CHCI[YIOHICﬁ MOACIBIO:

ou, ,0,

—=a —, O<x<

ot ox? g

ou, _,0%,

—==a , < X<

ot 7 ox? -

(6)
qu(&,1)=u,(&,1)=0
ou, . au o0&

k=t —k, =2 | =-22, =0
[ ox 2 ox jxg, ot Tho
u| _,=C">0, Uy _,=C <0

Ucxons w3 cooOpaxkeHuit momoOus, OyaeM HCKaTh pPEIICHHE B BUIE

. X
U, = fi (Z), rae | =1,2, alz :ﬁ. O0603HauMM 3HaYEHHE Z, COOTBETCTBYIOIICE
t

rpanuIle $a3oBoro nepexonaa, kak & . Torma

E=2anlt 7)

[Moncrasnsiss Takod Bujx pemieHUs B (6), MOJyYnM CIICAYIONIIYIO CHCTEMY

YpPaBHEHUM:
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af f'=-227f0<z<a

a’f, =-2#f,  a<z<w

f(a)="f,(a)=0

: : (8)
(k1 £k, f, ) - 2ia
£,(0)=C*>0
f,(0)=C" <0

Pemiennie nocnenueit 3agauu 0yieM UCKaTh B BUJIE:

. z
fl - C + plq)(gJ
<
_ Z
f2 =C + p2|:1—(D(a—2j:|

\

[Ipu Takom BbIOOpe GopMbl pemienus, ¢GyHkuun f.  ymoBmerBopsroT
ypaBHEHUSIM TertonpoBoaHocTH (CM. epexos oT (2) k (3)), a TaKKe BBIITOTHEHbI
yenosus mpu 2 =0 u Z =00. /Ing onpeneneHus 3Ha4eHUH napamMeTpoB [, U &

UCIIOJIb3YeM OCTABINHECS TPEThe M UETBEPTOC YpaBHEHHE cHCTeMbl (8).

[Tomyuaem:

C + p{l—d)(ﬁﬂzo 9)
a‘2

Beipaxxas P, ¥ P, M3 NEPBBIX JABYX YPAaBHEHUH OTOH CHUCTEMBI H

MOJCTaBJIsIA UX B TPEThE ypaBHEHHE, MOJIy4yaeM alredOpandeckoe ypaBHEHUE s

onpeaciacHus napamerpa o !
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a, ol ¢ a, 1_o ¢ (10)

3aMeTHM, 4TO C POCTOM (X YHCIUTEIb MEPBOrO CJIaraéMoro yObIBaeT, a
3HaMeHaTellb — pacTeT. TakuMm o00pa3oM, MEpBOE cjaraeMoe JEeBOM 4YacTu
ypaBHenus (10) MOHOTOHHO yObIBaeT ¢ poctoM (& . HeTpynHo Takxke MpOBEpUTH,
YTO U BTOpPOE CJIaraéMoe TakK€ MOHOTOHHO YObIBaeT (OHO SIBIsETCS
OTpULATEIbHBIM W MOHOTOHHO pacTeT Mo Moayiw). s 3Toro paccmMorpum
CIEIYIOUINN WHTErpas, SABISIOLIMICS ¢ TOYHOCTBIO 0 KOHCTAHThI OOPATHBIM KO

BTOpOMY ciaraecmomy (10):

1(x)= g[l—CD(x)]exz ~ [ da = [ Mg < [P g =

Ero IMPpOU3BOAHAA OTPHULATCIIbHA:

di Jr 2
&:_1+7[1—d)(x)]e 2x <0

Me1 I[MOoJy4Huiir, 49TO BTOPOC
JAEBAH YACTER

craraemoe B (10)  sBmsercs ypaeaenns (10)

OTPHIIATEIbHBIM (Cf < 0) "
poctoM ¢ . B cBsa3u ¢ atuM, 00a vpaeaenns (10)

cJIaraeMbIX B JIEBOM q4acTH

YpaBHEHHUS (10) MOHOTOHHO

yOBIBaIOT, a  TMpaBas  YacTh I
1
YpaBHCHUS SIBJISICTCS j'
BO3pacTtaroumeid QyHKuueun. 3HauuT g i
yYpaBHEHHE (10) uMeeT

CANHCTBCHHOC PCIIICHMC.
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[To HaiinenHomy u3 ypaBHeHus (10) 3HaueHUIO MapaMeTpa ¢ , IOJIy4aeM U3
(7) 3axoH nBrkeHUs (Ha30BOM IpaHUIlbl. 3HasA ¢ , HaxoAuM 3 (9) ko3 HUIHEHTHI

P, u P,, 94TO OompeaeIIsieT (byHKm/m fi - peIICHUE HCXOJHOM 3aJa4Hu.

§5. IlocranoBka 3axa4 ¢ ypaBHenuem ['eibMroJsibua B

HEOrPAHUYEHHOM 00J1aCTH.
YpaBHeHueMm I'enpMronbla Ha3bIBa€TCs ypaBHEHUE BUA:

aU+cu=f

IlocTanoBka 3aJgad B HCOFpaHquHHOfI 00JIaCTH C 3THUM YPaBHCHUCM U

CBOMCTBA peuicHus CYIICCTBCHHO 3dBUCAT OT 3HAKA KOS(i)(i)HHHCHTa C.

Tunuunoi ¢uznueckoi 3anayel, NpuBOAAIIEH K ypaBHEeHUIO ['enbMromsia
C OTPHULIATECNIBHBIM 3HA4YE€HHEM C, ABIETCA cleayromas 3agada. PaccMmorpum
ypaBHeHHs AU((GY3UNd BEIIeCTBA C €r0 pacrajoM MpH HAIWYUU CTAIMOHAPHBIX

HNCTOYHHKOB.

a—uzazAu—ku+F(M)
ot

C TeuyeHueM BPCMCHHN PCHICHUC BLIXOAUT Ha CTaHHOHapHBIﬁ PCXKUM, IIpU

ou
KOTOPOM E =0. Emy cooTBeTcTBYET ypaBHeHHe I eJIpMroibia

aU—yu=f (1)

k F
—Z,afz—.
a a

rne;{z =

B kxypce «MeTomoB mMaTeMaTH4eCKOW (U3UKKW» OBLIO TOKAa3aHO, YTO IS
ypaBHeHus (1) cnpaBennuB mpuHUUNn MakcuMyma. OH TJIacUT, YTO B 3aMKHYTOMH
0o0JacTH pelieHne HE MOKET JIOCTUTATh TIOJOKUTEIFHOTO MaKCHMyMa WU

OTPHULATEIBHOTO MUHUMYMa BO BHYTPEHHEU TOUKE.

Ha 6aze [MpuHOWIIa MAaKCHUMYMa JICTKO JO0Ka3aTb, YTO PCHICHUC 3aa91
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aU—yu=f

)
u— 0 pasnomepno no yeny

r—oo
€IUHCTBEHHO.

JeicTBuTenpHO, MycTh U, ¥ U, - ABa PasIU4YHBIX PEHNICHHMA 3ana4u (2), a

W=Uu, —U,. OyHKIHI W YAOBIETBOPSAET YCIAOBUSIM:

AW—€2W:0
w=0

r—oo

ITycte W# 0 B Hekortopoit Touke My. Paccmorpum chepy C, Goibiroro
panuyca R, ¢ eHTpoM B Hadaje KOOpIWHAT, BKIIOYAMy My BHYTph cebs. 13
NpHUHIIMIIA  MaKCUMymMa M YCJIOBHH  Ha  OCGCKOHEUHOCTH  CJIEAYeT:

|W(|\/|0)|£ W%X|W(I\/I )|R—> 0. Orcroma W(M,) =0. TTockomnsky Mo ponsBosbHast
eLr —»00
touka, T0 W= 0 u pemienue 3aaa4yu (2) eIUHCTBEHHO.

Tenepb O6paTI/IMCH K YPaBHCHHIO FGHBMFOHBHa C IIOJOXUTCIIbHBIM

ko3 dunmerTom € = K?:
au+kou=f (3)

YpaBHEHHE TakKOro THUIIA MOXET TNOJYUYUThCA IIPU PELUICHUU 3a1a4u

KOJICOAHU:

2
%:aZAV-F F(M)e™

bynem uckatp pemieHue NOCHEOHEr0 yYpaBHEHUS B BHUIE v=u(M )e‘“’t.

IIpy MOACTAHOBKE V B ypaBHEHHE M COKpAIICHHS Ha €' st (yHKIMH U(M)

WZ

F
momyanm: al + KU = ——, TIe k? = — , TO €CTh ypaBHeHue Buza (3).
a a
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Jlnst ypaBHeHus (3) NpUHIMI MaKCUMYyMa HE CIIPaBE/IJIUB.

[Mycte ¢yakums f puHUTHAS, T.e. OTIAMYHAS OT HYJS TOJIBKO B HEKOTOPOW
koHeyHoU oOnactu D. C nmomompbio 00beMHBIX MOTEHIUATIOB MOKHO MOCTPOUTH

JABa peUICHMs, CTpeMsiuecs K Hyao npu R-—>oo. JlefictButenbHo,

(yHlaMEHTaIbHBIMU  pPEUICHUSIMA  OJHOPOAHOrO  ypaBHeHUs (3) Oyayrt:

o tikRyp
U (I\/I , P) = CrnenoBarenbHo, pemeHusME  (3)  ABIAOTCS  (QYHKIHH
MP
1 eiikRMp
U, (M ) =— f (P)dVP . Ilpu mro6om BBIOOpE 3HAKa B IIOKa3aTese
’ AL Ryp

OKCIIOHCHTHBI PCIICHUC y6BIBaeT, Korga TOYKa YyAAJACTCA OT obmactu D.

HonyqaeM, 4qTO YCJIIOBUA u—0 He J0CTAaTOYHO AJIA BBIACICHUA CANHCTBCHHOI'O
r—oo

pelIeHUs.
Ycnoeua uznyuenusn

PaccMmoTpum oiHOpOAHOE yYpaBHEHUE KOJIeOaHM

2
8_\;v =a’aw (4)

v(r,t)-

byaem wuckath €ro pemeHwe B BHUIE W(r,t)= Hetpynno

IIPOBEPUTH, UTO MOCJIE OACTAHOBKH YKa3aHHOT'O BUJA PEUICHUS B YPaBHEHHUE, JJIs

byHKIIN v(r,t) MONy4nuM: —— =a Pk Pemennem mocnenHero ypaBHEHUs

SBIIAIOTCS TIPOU3BOJIbHBIE (PYHKIIMU OT TEPEMEHHBIX (riat). [TosTomy

M 1 wz(r,t) = M SIBJISIIOTCSI PEIICHUSIMU YPaBHCHUS

1t =
W (r.t) r r

(4).
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OyHKIUA Wl(r,t) OpEICTaBIAeT COOOW BO3MYILIEHUE, YXOAAIIEe OT

HCTOYHUKA B IIEHTpE Ha OECKOHEYHOCTh - (PU3UUYECKU peaabHOE pEeIICHUE.

@ynkupmsa W, SBISETCA, HA000POT, CXOAANIECHCS BOJIHOM.

Cuurtast ~ BpEMEHHYIO  3aBUCHUMOCTh  TapMOHHMYECKOW,  MOJIy4aeMm
) e—ikr ) ) eikr )
w,(r,t)=u,(M)e™ :Te'Wt u W, (r,t)=u,(M )e™ :Te'“”.
e—ikr
COOTBETCTBEHHO, CYIICCTBYIOT JBa PEIICHUS OJHOPOJHOIO ypaBHeHHS (3): ——
y y p P yp

eikr
n—.
r

YroObl  BBIAECOWTH pemieHue U, cooTBeTCTByromee W,, MOXKHO

HNCIIOJIB30BATH CICAYIOIICC YCIIOBUC!

ou, . (1
—+iku, =0 - 5
or ' (rj ©)
JIeNCTBUTENBHO,

a ) ) e—ikr e—ikr ) e—ikr e—ikr ( 1)

—u,(r)+iku, =] -Ik——— [+1ik =— =0|—|,

or 1 () +ik, { ror } r r2 r y

or 2 r r

ikr ikr ikr
g u, (I’) +iku, = {ik £ _ e—} +ik £ O (l) . Ciie1oBaTeNnsHo, yenoBHio (5)
r r

pemieHue U, HE yJIOBJICTBOPSCT.

Tenepb IIOKa>XXCM, 4TO PCHICHUC 3ala4r

Au+k?u=f
a—u+iku =6(lj (6)
or r

e
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eauHcTBeHHo. [locnennue nBa ycinoBus B 3aaade (6) Ha3bIBAIOTCS YCIOBUSIMU

u3nnydeHus 3ommepdenbaa.

Buauane paccmoTrpuM (pyHIaMeHTanbHOE pelieHue ypaBHeHus (3):

- Rup

U(M,P)=

MP

Oukcupyem Touky M, a Touky P Oyaem

yIAIATH OT HyJIs. [Ipy 3TOM p MOCTOSHHO, a I

u R=R,, yBermumusatorcs. Mmeem:

2
R= \/rz +p° —2rpcose = r\/l+(£j —2Pcosp
r r

T.x. V1+X =1+§+6(X), TO Ipu I —>00 crpaBeaanBo: R = r(1+Q(1jJ
r

[MpoBepuM, dYTO I (PYHIAMEHTAIBLHOI'O PpEIIEHHUS U(I\/I,P)z

R _ r— pcose _ 1-(p/r)cosp
or \/r2+p2—2rpcosw \/1+(,0/r)2—2(,0/r)003(0

:1+Q(

= |

e—ikR

BBITIOJTHEHBI YCJIOBHS 30MMepdenbaa:

a e—ikR ) e—ikR a e—ikR aR ) e—ikR
— +ik = +ik =
ori R R OR{ R Jor R

—ikR —ikR —ikR
kS-S 1+Q(5j ik =6(1j
R R r R r
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Teneps goKaxeM €IUHCTBEHHOCTh perieHus 3aaauu (6).

[MycTpb ul(M) u uz(l\/l) - JIBa Pa3HBIX pelieHus 3Toi 3amauu. Torma

Gynxma Z =U; —U, yIOBICTBOPSAET YCIOBHUAM:

Az+k?*z=0

oz . _(1)
—+ikz=0| =
or r

QukcupyeM MPOU3BOJIBHYI0 TOYKYy M u
BO3bMeEM cepy Oombiioro paauyca I tak, uro M

nexut BHYTpH cdepsl. Hanummewm 3-10 popmyny ['puna:

—ikRyp —ikRyp
4rz(M)= j[e @(p)_i[e ]z]dap
s\ Ry On on\ Ry
T.k. Q = @ , TO
an PeX, ar Pex,

47zZ(M-)= Zj LeRk:P [-ikz +6(%D—£—ik eRk:P +6(%)]z]dap _
A e

[Inomanp cdepsl Xy ¢ pocToM I pacTeT, Kak r2. [Toatomy

r—o0

47Z'Z(M ) = I 5£r—12jdap — 0. CraengoBaTenabHO Z(I\/I ) =0. B cuny
s,

IpOU3BOJBHOIO  BbIOOpa Toukkn M, monysaem Z=0, uro o3Hauvaer

€JMHCTBEHHOCTh pelIeHUs 3a1auu (6).
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3amevanue 1:

1

ou . _
VcnoBust P +iku=0|=|, u=0| = I03BOJISIOT 0T00paTh
r r r

2 y
eIMHCTBEHHOE pemnienue ypaBHeHuss aU+K°U=f B HeorpanmuenHoit obaactw.

ou . _

YcnoBus ——iku=0|=-|, u=0| = TAaK)XX€  MO3BOJSIOT  BBIJICIMUTH
or r r

eAMHCTBEHHOE (Ipyroe) peuieHue. B aTom cMmbiciie OHM paBHOLEHHBI. Ecnu ke K

2
ypaBHeHHIO aU+K°U=f ™Mbl mpunumm, ommceiBas MPOCTPAaHCTBEHHYIO YacTh

pelieHus ypaBHeHUs Kojie0aHuii (B ciaydae, Korjaa KoyjeOaHus rapMOHUYECKUE T10
BpEMEHH), TO 3HAK nepef ciaaraeMbiM IKU B YCIOBHSAX M3JIydEHMs JOJDKEH OBITH

corjacoBaH ¢ BBIOOPOM 3Haka y BpPEMEHHOW TapMOHUKH. A HMEHHO, €Clid

. iwt
peleHrue ypaBHEHHUS KOJeOaHUN WINETCS B BHUJIC V=U(M )e , To (pusznuecku

PasyMHOC, pacxoadameccsa OT HCTOYHUKOB PCIICHHUC, COOTBCTCTBYCT YCJIIOBHIO

ou . _
U31Yy4YCHU 8_ +iku=0| = | . Ecu xe pelieHne ypaBHEHUs KOJICOAHHIA HIIETCS
r r

—iwt
BBUIEe V=U ( M )e , TO (pr3MYecKn pa3yMHOE pellIeHUE BBIACISIETCS YCIOBHEM

3ameuanue 2:

B nByMepHOM citydae yciiOBUS U31y4EHUSI UMEIOT BUJ:

a—u+iku=6 1 ,u=0 L

or N I

Mamemamuueckan 3adaua ougpaxyuu.

3anada qudpakurMy BO3HUKAET MPU U3YUYECHUHU PACCESHUS PA3IMYHOIO BUAA

BOJIH (CEHICMUYECKUX, 3BYKOBBIX, 3JIEKTPOMArHUTHBIX) HA NPEMSTCTBUSIX.
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ITycte B HeorpaHudeHHOM NpocTpaHcTBe D pacnonoxensl obnactu D, B

KOTOPBIX (PU3UYECKUE XAPAKTEPUCTHKU OTIMYHBI OT Xapaktepuctuk B D. IlycTh
MoJ JEMCTBUEM HCTOYHHMKOB BO3HHMKAIOT KoyieOaHUsA V, TapMOHHYECKHE I10

BpemeHu. [lycTh U - mpocTpaHCTBEHHAs 4acTh PyHKUUU V, TO €cTh V = u(M )e‘W‘ .

O6o3naunM ¢ynknuoo U BHytpu D, kxak U;. Ha rpanune X, obnacteit D,

AOJDKHBL  COINPATATBCA  3HAYCHUA U un u a TaKXKeC (C HCKOTOPBIMHU

i
ko3pduIMeHTaMl) WX HOpPMallbHble Mpou3BojaHble. Hampumep, mycThb
paccMaTpHUBAalOTCS  AJIEKTPOMAarHUTHbIE  KojiebaHusi, a V — TOTEeHUHal
ANEKTpUYECKOro mojsi. Torna mpu nepexojie yepe3 rpaHully o0JacTh OCTaercs

HENPEpPHIBHBIMU ~ TTOTEHIIHAI (u|Zi :ui|2i) U HOpMalbHas COCTABIISAIOILAs

ou
MHAYKIUM O3JeKTpuueckoro mois, paBHas &E =¢&—| . CraenoBarensHo,
onls
ou OUj
BBIIIOJIHEHO & — = Ei - .
on 3 on 3

OOmass cucreMa i ompeneneHus QYHKUUH U; COCTOMT M3 YpPaBHEHHH

['enpMrombiia, ycaoBuil Ha rpaHunax oogacteil D, u ycnoBuil u3yueHuil:

(Au+k2u=f npu M ¢ D
Au+K'u=f npu M €D, m
u|zi :ui|zi

ou ou.
oa—| =o,—

onls. on |y,

u
ou . (1
—+iku=0| —
or r
u=0 1
r
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Hpyras 3amada — 3TO IOUCK pe3yjbTaTa pAacCesHUs Ha IMPEHNATCTBUAX

najamomed 13 OeCKOHEYHOCTH BOJHBL (OO003Ha4YMM NPOCTPAHCTBEHHYIO 4YacTb

o ik
3TOM BONHEL, Kak U, =e"". Torma numeem 3agady:

(Au+k2u=0 npu M & D;
—
Aui+k2ui:0 npu M € D; ~
—
(U0+u)|z.:ui|z. —> _ ikx
i i u0=e
o ) | [
on on)y anly
' ' ? u-+
ou . (1 —
—+iku=0| =
or r
1
u=0| -
;

E,HI/IHCTBGHHOCTL peumicHusd 3aga4 B PACCMOTPCHHBIX IMOCTAHOBKAX

JI0Ka3bIBaeTCs, HAMpUMep, B yueOHuke [1].

IHpunyun npeoenvrnozo nociouieHus.

YcnoBust 3omMmepdernbia MOXKHO UCTIONIB30BATh, €CJIM UCTOYHUK HU3ITYYECHUS
HaXOAMUTCS B JIOKAJIM30BaHHOUW oOyacTu. Ecnu jke MCTOYHUKHM WM TPENSTCTBUA,
OT KOTOPBIX MPOUCXOTUT OTPAKEHHUE, YXOASIT Ha OECKOHEUHOCTh, TO TPEeOYIOTCS
OpYTrUe NPUHLMIBI BBIACICHHUS €IWHCTBEHHOI'O peuieHus. PaccMoTpuM OauH U3

HUX — IIPUHOUII ITPCACIBHOIO IMOTJIOIMICHUA.

Brauane npuBeneM HaBoasmue cooopaxkenus. Eciu nmpoucxonut mporecc
KOoJeOaHWil ¢ 3aTyxaHUEM, TO MPHUXOASNINE M3 OCCKOHEYHOCTH BOJIHBI, YTOOBI
JOWTH 70 00JIacTW Hayaia KOOPAMHAT, JOJKHBI HMMETh Ha OECKOHEYHOCTHU
Oonpiryto aMruTyny. [loaToMy, 4ToOBI OTCEYh ATy (U3UYECKH HEpeaTbHYIO
4acTh PENICHHs, JOCTAaTOYHO HAJIOXHUTh YCJIOBHE MAJIOCTH pEIICHUS Ha
O0eckoHeuHOCTH. PaccmoTpuM criemyromyto 3agady B HEOTPAaHUYCHHOW 00JIacTH.

[TycTh GyHKIINSA V SBISETCS PEIICHUEM YPaBHEHUS
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o v, -
VY @AV —F(M)e”
a2 ot M)

it

Niem pemenue 3axaun B Buae V==U ( M )e . Torga nony4yum:

2
O N 7) F
A+ ZoiZ =2
a a a
2
0] 0] F
Jlernast 3ameny k* =¥, ﬂzZ—z u f :¥,HMeeM

Au+(K*—ip)u=f

CornacHo CKa3aHHOMY, Uil BBIJEJICHUS €IMHCTBEHHOI'O  PELICHUS
JI0CTaTO4HO MOTPe6oBaTh, uro6bl U —> 0 mpu I —> 00 paBHOMEPHO OTHOCHUTENBHO

yria.
Tenepsb chopmynupyem NPUHLIKIT TPEAETBHOTO MOTIOIICHHUS.

[Tycth TpeOyeTcs pemmnTh ypaBHeHUe I eIbMIosibia:
Au+k?u = f (7)

rae K - BemecTBeHHbIl K03 dunuent. [Tycte GyHkius U sABIsSETCS pelicHHEM

3a1aun

Au+(k?—if)u=f
(k*-i8) ®

u—0

r—oo

Torma, B kauecTBe pemieHus 3aaauu (7) Oynem moHuMath GyHKIu© U = ng u.
%

[MpoBepum, dro B ciydae, korma f duauTHAS QyHKOHS, TPUHIAT
MPEEIBHOTO MOIJIOMIEHUS BBIICISIET TO K€ PELIEHUE, YTO U YCIOBHUS U3ITYUYEHHUS

3ommepdennaa.
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Iycts (=0, +i(, - KomIuekcHoe umcio, Takoe uto (° =K°—ifB. Torma

ypaBHeHHe 3a7auu (8) mepenuiiercs: B BUIE:
AT+0q°T = f )

Nmeem: 0° = (ql)2 —(q2 )2 +2ig,q, =k* —if. Orciona:

k® :(q1)2 _(%)2
,B:_quqz

Ota anreOpamyeckas cucTeMa CBOAMTCS K OMKBaJpaTHOMY ypaBHEHHUIO. Pernas

€ro U y4uThbIBasA, 4TO ql 151 qZ BCIICCTBCHHBIC YN CJ]Ia, HAXOAUM:

k?+k*+ f°
0 ==
2
B ,k4+ﬂ2—k2
0, =+ 5

(10)

Pemenue (9) BBIIMMCBIBACTCA C IIOMOIIBIO 00BEMHBIX IMIOTCHIOMUAJIOB:

+i(oy+igy )R FOR 4 *igR
0, =—[¢ - de=1je : fdv

Ay,

[ToCKOIBbKY 3HAK * NPHCYTCTBYET KaK B MOCIEIHEM YPABHEHHH, TaK U B
(10), ro moxno B (10) 3mak 3aduxcupoBars, cumtas ¢, <0, Q,>0. s

BoImosiHeHHUsT ycinoBuss U— 0 Ha OCCKOHEYHOCTH, HEOOXOAMMO B IOKaszaTese

T0,R
SKCIIOHEHTHI €%

byHKIMISA

BbIOpaTh 3HaK —. [lomywaewm, uto permenuem 3amauu (8) Oyzaer
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Ilepexonss k  mpexmeny  1pu £—0 B (10) nonyuaem:

|ﬂ|_r1(1) q, =—K, |ﬂl_rlg g, =0. CremoBarensHo, COITaCHO NPHHIMIY MPEACIBHOTO

MOTJIOIIEHNS, B KauyecTBE pEIIeHHUs YypaBHEHHUS (/) MbI JIOJKHBI BBIOpaTh

] _ 1 e—ikR
u=Ilimu= —I— fdV. Herpymno mnpoBepurh, YTO TakKoe pEIICHHUE
B0 Adr
v
ou . _ 1
YIOBJIETBOPSET YCIOBUAM U3TyIECHUS P +iku=0|=|, u=0|=|.
r r r

Hpulmun napuualbHO20 U3J1YyUYE€HUA

VYcnosus 3omMmepdenbaa WIM  OPUHIUI  MPEAETBHOTO  MOTJIOIICHUS,
HY>KHBIC ISl BBIJICJICHHS] €IMHCTBEHHOT'O PEIIeHUs, He YI0OHBI B UCIIOJIb30BaHUU
IpyU YHUCICHHOM pacyeTe 3aJauyd C IOMOIIbI0 KOMIBIOTEPHONW MPOTrPaMMBI,
MOCKOJIBKY TpeOyeTcsi HCKaTh pelieHne B OCCKOHEUHOM IMPOCTPAHCTBE U

ONpeeNsITh €ro Xapakrep npu I —>o00. PaccMOTpUM NPUHIMN NapIHaIbHOTO

N3JTYUCHUSA HOSBOHHEMHﬁ, B OIIPCOCIICHHBIX CJIIY4aAaAX, CBCCTHU 3a/[a4y K paCydCTy B

OrpaHUYCHHON 00JIaCTH.
3aoaua 6 eonHo800€e

HYCTB B BOJIHOBOAC HMCCTCA BCTaBKa, B KOTOpOﬁ AUDBJICKTPHUYICCKAA

IMPOHUITACMOCTD U ITPOBOANMMOCTDb OTIIMYHBI OT OCTaJILHOM YacTH BOJHOBO/JA.

DNeKTpOMarHUTHHIE KOJIeOaHUs OMUCHIBAIOTCS YpaBHEHUIMU MakcBera:

rotH =1@+4—ﬂj
c ot C
rote =— =1
c ot
1divH =0
divD=47p=0
j=0cE
\D=8E
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[lepBoe ypaBHenue npoauddepeHnpyeM mo BpeMeHu u noaenum Ha C. Ha
BTOPOE ypaBHEHME MOAECUCTBYeM orepaTtopoM rot. Pesynbrar cioxum. [lomyunm
cienyroiiee auddepeHianbHoe YypaBHEHUE BTOPOTO MOPSIIKA:

2
£0 IZE + 4ﬂaaE =—c rotrotE = —c(grad divE — AE)
c ot c ot

—

[Tonaras Bektop E - monsgpu3oBaHHBIM, TPUXOAMM K BOJHOBOMY

YPaBHEHUIO C 3aTyXaHUEM:

2
%GIZE+47ZZG<3E:AE
c” ot c- ot

Cuurasi TPOBOIMMOCTh O CTEHOK BOJIHOBOJIa OECKOHEYHO BHICOKOH, & TOKH

KOHEYHBIMHM, U3 COOTHOIIEHHs | =OE momyuaem rpanuunoe ycnosue: E|z =0,

Tac x - IMOBCPXHOCTDH BOJIHOBO/IA.

Pewenne E nmem B Bune: E = U(l\/l )e_ia’t. Torga nmpuxoaum K 3aaade s U:

Au+k?u=0 ANy
(12) b
o= 777
k0 /kl/g/ k0
_ =2 — 2

rae k2 =k +ik ,k2=%>0 n 0/ 4
=2 Arwo .
k = >— > 0. Jlna npoctoTs! Gynem paccMaTpuBaTh JBYMEPHEI 110

C

MIPOCTPAHCTBEHHBIM KOOPAWHATAM CIIy4aHu.

o°u o .
Torma AU=—+—-. B oOnactTm BCTaBKHM, 3aIlITPUXOBAHHON Ha

aXZ 8y2

pucynke, 0<X<au 0<y<b.
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Ilocmanosxa napyualbHovlx yC]ZOGMIZ U3TTYHUEHRUAL.

it . .
OyaemM Ha3bpIBaTh peryisipHoil. Ei

Bomny Buma E = l//(y)e‘”e‘
cootserctayer U(M )=y ( y)e‘V .Y IBWKyHIUXCS ClleBa HAIPABO PErYISPHBIX
Bomd Rey >0. YV BomH, IBMKYyIUXCS B NPOTHBOIOJIOXKHOM HAIPaBIECHHH,

Rey <0. Hoacrasmss amminryny soner U(M )= y/(y)eW * B cucremy (11),

nonyuuMm 3agauy Ltypma-JInyBusmig s HaxoxaeHUs: GyHKUUU ( y) )

2

%W+(k2—y2)l//=0

w(0)=v(b)=0

(12)

Pemrast 3Ty 3a1auy, HAaX0IUM TOCJIEAOBATEILHOCTh COOCTBEHHBIX 3HAUCHUM

1 COOCTBEHHBIX QYHKIUH ), =

2

2 2 zn . .
3aMeTUM, 4TO =k —| =— | nexwuT Iu0OO B MEPBOI, JIMOO BO BTOPOMU
D n b 5

YCTBCPTHU KOMILIEKCHOM IIJIOCKOCTH. HOBTOMy, HN3BJICKAsA KBa,HpaTHLIﬁ KOPCHb,

TOJIy4aeM, 4TO CaMO YHMCIIO ), JIEKHUT JIMOO B NEPBOM, TMOO B TPEThEH YETBEPTH
o 1, 5.2 1,2
KOMIUIEKCHOH IutockocTH. TakuM obpasoM, y, =y, +1y., rae .7, >0. bynem

1 2
BBIOMPATh U3 IBYX IOJIYYUBILINXCS YUCEN ¥, Takoe, uToOsl y, >0 u ;. >0.

IIycte crmeBa Ha BCTaBKy IMaJaeT 3aJaHHas peryispHas BOJIHA,

o ing X
NPOCTPAHCTBEHHAs 4acTh KOTopoii U, =Ae ™ (y) TpeOyercsi MOCTaBUTH
3amaqy Uil U Tak, 9TOOBI OT BCTaBKH PACXOJMINCH OTPaKEHHBIC BOJHBI, HO HE
ObIO  JPYrUX TMPUXOAAINIMX HM3BHE BOJH, KpPOME 3aJaHHOH. Y CIIOBHS,

OCTaBIAOIIHNEC TOJIBKO OTPAKCHHBIC BOJIHBI, ObLIH MpCaJIOKCHBI

A.T". CBemIHUKOBBIM. 3a71a4a BBITJISIUT CICAYIOIIUM 00pa3oMm:

48



b
([ OU . :
~ +iy,u o (Y)dy = 2iAy, S (13)
R X B
0 x=0
% au
——iy,u w,(y)dy=0
AN S

rae NeN, a ,, - cumBox Kponexepa.

JlBa mocinennux cooTHomieHuss B (13) Has3pIBalOTCS MaplUUATIbHBIMU
yCJIOBUSIMU W3dydeHus. llepBoe u3 HHUX OTCEKaeT BCE JpYrue BOJHBI,

newkymuecs B ceuenun X =0 ciesa HampaBo, KpoMe 3aJaHHON IIafarouieil
o U= C ( ) eiynx

rapMoHuKu. JledicTBuTENbHO, B 3TOM ypaBHeHun mii U=C . (Y , TIe

N#n,, noxsiaTerpansHoe Boipakenne nupu X=0 pasao 2C i 2(y)

0> A p p p - p n }/ nl//n y '

CrenoBarenbHo, uHTerpan 6ynaer pasen Hymo juus npu C. =0. Ananornuso,

ImocJICAHCC YCIOBUC B (13) OCTAaBJIAET B CEYEHUU X = aA TOJBKO BOJIHHEI, yYXOOA1Iue

OT BCTaBKHM.

=2
IMTokaxeM (B3sIB JJIst TPOCTOTHI ciayuail Kz > 0), uto pemrenue 3amaun (13)

€IMHCTBEHHO. JIEHCTBUTEILHO, IIyCTh CYLIECTBYIOT 1B PA3IMYHbIX pelIeHHus U,

U,. Torma pasHocTb 3THX pemieHHd W=U, —U, OyAeT yIOBIECTBOPATH

oxHopoaHo# cucreme (13):

(AW +Kk*Ww=0
Wy-o =Wy =0

b

— i dy =0 14
f(Grirw] vy 0
Sow .
\!(&_U/nwjxalﬂn(y)dy:o
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YMHOXUM miepBoe ypaBHeHUE (14) Ha KOMIUIEKCHO-COMPSDKEHHYI0 K W

byHKIHIO W, npouHTerpupyem mo obmactu D um mpumennM nepByro Gopmyny

I'puna:

0= j(AW—i— kzw)w* dv =
D

b b (15)
—J‘W*% dy+jw*@ dy—J‘|VW|2 dv +J‘k2|w|2 dv
0 OX x=0 0 OX X=a D D
3HaK «MHUHYC» B TIEPBOM HHTErpaie b/ MY
npaBoii yactu (15) mosBuiCcs mpu  yuere 7 /
HAIpaBJICHUs HOPMAJIM K TOBEPXHOCTHU (CM. A / D n,
PUCYHOK). / A

N
0 a '
Tak kak ¥, - coOCTBeHHBIE (QYHKIUH

3anaun llrypma-JInyBumis (11), To oHU 00pa3yrOT MOJHYIO CUCTEMY (DYHKIIHIA.

Paznoxum 1o HuM (yHknuo W Ha rpaHmie obnactu D: W|x=0 =Zann 7t
n=1

o0
. =2Cy, m
n=1

o0

*

W|x:a = Z Dan . HOCKOHI)Ky Wn BEIIECTBEHHLI, TO W
=1

W*

_=>.Dw,.
n=1

Hcnonb3ys 3TH pa3inoxkeHus U nocieanue cootTHomeHus B (14), umeem:

b

dy=—ZCII%\;V

X=a n 0

y,dy =

X=a

b
« OW
—'([W&

b
« [ OW
WnderanJ.&

0

b
« OW
dy +|w —
—([ OX

x=0 x=0

b b
=—>"Co [ (=iw)| _w,dy+>"D; [ (iw)]_, w,dy =
n 0 n 0

b

b
=iy.C; I(Zmemjnwndy +iy D, I(Z Dml//mjnt//ndy
n o\ m n m

0

b
T.k. {y/n} - OPTOHOPMHPOBAHHAS CUCTEMA, TO Iwmwndy =0, . Imeem:
0
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¢ *6\/\/ p *8\/\/ H 1
E R L B RD YA RO ML
0 n n

0 6x x=0

X=a

Ucnonw3ys nomydeHHOE paBeHCTBO, peodpasyem (15). [lonydaem:

[(Aw+iew)w av = [(k° W’ =]l ) av +i3 7, (IC,[ +[D, [ ) =0
D n

D

[IpupaBHMBas HYJII0 MHUMYIO YaCTh, HMEEM

j(ii |w|2)dv + Y 7(IC.f +ID,[ ) =0

D

Otkyna W=0, a 3gauur, pemenue (13) eqMHCTBEHHO.

§6. MatemaTuuyeckne MOJeJH KUJIKUX BA3KUX CPel.

Cwuibl, BOSHUKAOITUE MPU JIBHYKEHUU KUJKOCTH, JICJISTCS Ha JIBA OCHOBHBIX
TUNA: Maccosvle W nogepxHocmuvle. CUIbL, paclpe/ielieHHble M0 00beMy H

IMpONMOPUUOHAJIBHBIC MAaCCaM YaCTUIl, HA3BIBAIOTCA MACCOBbIMU (Hanp. CHJIa

TH)KGCTI/I). Ecm F - BCKTOD MacCOBOM CHIJIBI, OTHECEHHBIN K CANHULIC MAaCChbl, TO

Ha snement oobema A7 neiicteyet cuna F pdz, rae p —I0THOCTE XKHUIKOCTH.

Ha snement noBepxaocTu dS 1100010 BBIIECICHHOIO 00beMa KHIKOCTH, 110
HOpPMAaJIU K TIOBEPXHOCTH, JAeicTByeT cuna aasinenus P, =dS: p, roe p naBnenue.
[Ipy ABMXKEHUU 653KOU JHCUOKOCMU, KPOME TOro, JCHCTBYET KacaTelbHas K
MOBEPXHOCTH COCTABJISIIONIAs, Ha3bIBaCMas CUNOU 6HYMPEHHe20 MpeHus (Cuiou
6s13K0Ccmu), KOTOpast POSIBIIICT ceOsl B BUAC CONPOTUBIICHUS KHUIKOCTH MPOIIECCY
nedopMarmm.

Hoeanvroil scuokocmovio Ha3bIBACTCS KUIKOCTh, B KOTOPOM OTCYTCTBYIOT
CIJIBbI BHYTPEHHETO TPECHUS.
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OcHogHnble ypasnenus.

N3meHeHne Macchl )KUJIKOCTH B HEKOTOPOM 00beme V MpOUCXOAUT 3a CUET

BBIXOJIa HJIM BXOZa IIOTOKa PV, uepe3 noBepxHocTh S. OTcrona

Icil_'todr:—jpvndaz—f(dinV)dr
v 5 v

B cuny nmpousBosibHOCTH 00bEMa V , IONyYaeM YypasHeHUue HenpepbleHOCHU
d .
2P, divpv =0 (1)
dt
B cnyuae HecxxumaeMoit )KUJIKOCTH, TIpH o = CONSt, u3 (1) umeem:

divv =0 (2)

JHlanee MBI Oyzmem paccMmaTpuBaTh H3MEHEHHME CKOpOCTH TOTOKa. [lpu »Tom

CIIPpaBCAJINBO COOTHOIICHUC!

N o S [ v ISy NS S
E:E+;ei Eﬁ? :E—'—E_i E—IVJ =—+2Vj—' ZeiVi

rae Vi cocrasmsromas ckopocty B Hanpasinenuu €j . CnemosarensHo

v ov . _.\.
—=—+(V,V)V (3)

dt ot

B cnydae wupeanbHOM (TO €CTh HEBSI3KOW) XHUAKOCTH 3aKoH HproTOHA s

3JeMEeHTapHOro 00bema V umMeer BUA:
dv
Ipadrz Ider—_"npdaz IdeT—IVpdr
Vv \Y S \Y Vv

B cuny npousBosibHOCTH 00BeMa V , TToaydaeM

@+(v,v)\7= F-

rad 4
po gradp (4)

Q|+~
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OTO ypaBHEHHE HA3bIBAac€TCs YypaBHEHHMEM Ounepa. B ciydae, korna
IUIOTHOCTh JKUJKOCTH MEHSeTCs C JaBieHueM (OapoTpomHas cpena), 4ToObl
MOJyYUTh 3aMKHYTYIO CUCTEMY, ypaBHeHUE (4) Hy)KHO JTOMOJHHUTH YpaBHECHHEM

cocrosiaust p =D(P).

B cnydae Bs3koil cpeabl B mpaByro 4acTh (4) noOaBisieTcst ciaraeMmoe,
YUUTHIBAIONIEE CHJYy BS3KOTO TPEHUS B JKUAKOCTH. [l HECKUMaeMbIX
KHUJIKOCTEH, B Cly4ae, KOTJa CHja BHYTPEHHEro TPEHHUS MPOMOPIHOHATbHA
pPa3HOCTH CKOPOCTEH CJI0EB, MEXAY KOTOPHIMH BO3HUKAeT TPEHHE, IBMKCHHE
’KUJIKOCTH OMUCKIBaeTCs ypaBHeHneM HaBbe — CToKca:
@+(\7,V)\7=|f—£gradp+vA\7 (5)
ot p

rjae V Tak Ha3bIBA€MbIli KMHEMAaTUUYECKUU KOB(l)(i)I/IIII/IeHT Bsi3kocTH. OH CBs3aH C

K03 QUIMEHTOM BSI3KOCTH £/ COOTHOIIEHMEM V = ] p.

z
[Tosscaum  mocnennee ciaraemoe B (5). A

PaccmoTpuM 1711 IpOCTOTBHI  JBYMEPHBIM  CITy4aid. 5z
Breigenum manyto obnacte ¢ 0o6bemMoM V U rpaHunei C

C, kak mnokazaHo Ha pucynke. CocraBistonias A%

BEJIMYUHBI I HAVdXdz B HanpaBieHnu €, paBHa:

v 0 ox

2 2
,u_[ 0 VZ+a Yz dxdz=yj(avz dz—avZ dsz
C

Y 6)(2 522 OX 0z
(6)
o0z ov, ov, OX o, ov,
= [zt —u=E 2+ [|u—=E  —u=E

0 OX ‘x:é‘x OX ‘x:O 0 0z ‘z:O 0z ‘x—é‘z

aVZ aVZ
BeHI/I‘-II/IHBI ﬂ— nu —/1— OonpcaAC/IA0T INIOTHOCTL CHJIBL

OX |x:§x OX ‘x:()

BsI3KOCTH Ha rpannnax X =0 u X=X B HanpasieHun €, a NepBbIii UHTErpail B

npaBoi yacTtu (6) CyMMapHYIO CUJIY BSI3KOCTH Ha 3TUX T'PaHUIIAX.
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oV
Ecimu paccMOTpeTh HEKOTOpBIM 3JEMEHT pacTBOpPA, TO BEIWYMHA 8_2
Z

ONKCHIBAET BBHITATMBAHUE JJIEMEHTa B HaNpaBiIeHUU Z (C OJHOBPEMEHHBIM
C)KaTHEM B HAlpaBJICHUH X, B CUJIy MTOCTOSHCTBA 00beMa). Jls mpeoaonaeHust cui

BA3KOCTHU IIpHU I[C(l)OpMaI_II/II/I 9JICMCHTA pacCTBOpPa HYKHO IHIPUIOKHTL BHCHIHIOIO

oV,

CWJIy B HaIllpaBJICHUU BBITATUBaHUA. CuuTas 3Ty CHIIy paBHOMN ,UE , TIOy4YaeM,

YTO MOCJIEIHUNA UHTErpasl B (6) OMUCHIBAET CHUJIbI, IEMCTBYIOIINE HA BEPXHIOK U

HUWXHIOIO T'paHUIbI 3JICMCHTA, I/I306pa}K€HHOFO Ha PHUCYHKC, B HAIIPpABJICHUN éZ'

IToaTomy I LAV, dxdz pasen pesynbrupyrOLiel cUile BA3KOCTU B HAIPABJICHUH
\

€, JeHCTBYIOIIEH Ha 4acTh PAacTBOPA, 3aKIIOUYCHHYIO B 00beMe V. AHaIoruuHoe
COOTHOIIICHWE MMEET MecTo N0 HampaBimo €y. Takum oOpa3oM, BenMYHMHA

VAV nipesicTaBisieT co00# TNIOTHOCTh CHIT BS3KOCTH, JACIICHHYIO HA .

YCJ'IOBI/ISI, 3a/1aBaCMbIC Ha TI'paHHUIAX O6J'IaCTI/I, 3daBUCAT OT XAPAKTCPUCTUK

rpa”uIel. ECU JKUIKOCTh TPAaHWUYHUT C HEMOJBIKHOW TBEPIOW CTEHKOHW S, C

ypasHenneM nosepxuoctd G(X,Y,z) =0, To rpannyHOE yCI0BHE UMEET BUJL

Ecmu ke CTeHKa JBHXKETCS €O CKOPOCThIO VT, TO HOpMasbHas

COCTABJISIONIAsl CKOPOCTH YAaCTHI[ KXUJIKOCTH B JIIO0OH TOYKE Ha MOBEPXHOCTH
JOJDKHA ~ PaBHATBCS ~ HOPMAJIBHOM — COCTABJISIONIEH  CKOPOCTHM  JIBHUIKEHUS

TIOBEPXHOCTH:
(V) =(Vy.A), FeSt.

Ecnu KHUIAKOCTh BsA3KasaA, TO Ha ITIOBCPXHOCTHU ST BBIIIOJIHACTCA YCIIOBHC

IMPpUIHIIAHUA 9aCTHI JKUAKOCTH K ITIOBCPXHOCTH !

\7=VT,F€ST
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Hecmauyuonapnoe meuenue 63a3K0i 00HOPOOHOU HCUOKOCHMU 6 mpyode ¢

Kpy208bim ceueHuem.

[IycTh B TOpM30OHTAIBHON HMIMHAPUYECKON TpyOe paanyca a MPOUCXOIUT
JaMHUHApHOE (CIIOMCTOE) JIBHKEHUE BSI3KOM HECKUMAeMOM JKHJIKOCTH B
HaIpaBJIeHUU OCU Z coBHajarouieil ¢ ocbto TpyOsl. IlycTh B MOMEHT BpeMeHHU
t =0 sxuakocTs mokomnach, a npu t >0 Ha Topmax Tpyosr, npu Z=0 u z=L,

CO3MaeTcsl pasHOCTh AaBjieHuit O P. Ilpu TPOJONBEHOM JABHXKEHHH JKHUIAKOCTH

VX :Vy :O, V:VZ. B OTCYTCTBUC CHII TAKCCTH TIpU 3TOM H3 YPABHCHUA

Hasne-Crokca cienyet, uto P = P(z). Honygaem u3 (5):

@+v@:—£a—p+vAv (7
ot oz p 0z

ov
Kpome Toro, mpu Vy =Vy =0 um3 (2) umeem: 8—20. [Tockonbky V HE
/A

0

3aBUCHUT OT Z , TO (7) MOJKET OBITH BBIITOJIHEHO JIMIIE B clIydac, Koriga —— TaKXKC

aop
HE 3aBUCHUT OT Z, TO €CTh a—:const. YuuTeiBas yCIOBHS 3aJayd, IOJIy4aeM
VA

@ = @ O603HaYNM _P_ V.
oz L 0z

BBoas monsipHyro CHCTEMY KOOPAMHAT U YUYUTBHIBASI OCEBYIO CHUMMETPUIO

pelIeHUs, [I0JydaeM 3a1aqy:

2
@:V ﬂ+1@ +£7/ (0<r<a, t>0)
ot or2 ror| p (8)

v(r,0)=0, v(a,t)=0

Pemiennie 3amaum  (8), OYEBHAHO, MOXHO MCKAaTb B BHUJE CYMMBI

CTALMOHAPHOTO, HE 3aBUCAINETO OT BpeMeHH, ciaraemoro W(F) u nobGaBku
u(r,t), onmceBaromeii NepexXOAHON IPOLECC OT HAYAIBLHOIO YCIOBHS K

cranmonapuomy npoueccy: V(r,t)=u(r,t)+w(r)
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s W umeem ycioBus:

2

—8W+l@ l;/:O (0<r<a)
2

orc rorj p

w(r,0)=0

PemenueM 3Toii 3a1aun sABIseTCS PYHKIUS:

w(r)=L(a2—r2) 9)
dvp
Teuenne c¢ npodunem ckopoctu (9) HaspiBaeTcd MNJIOCKONAPAIEAbHbIM

meyenuem llyasetins.

T pynxoum U(r,t) momygaem:

ou_o%u 1ou

—= +— O<r<a, t=>0
ot o2 ror ( )

(10)
u(@t =0, u(r,0) :_4L(a2 _ r2)
yol%

3amaua (10), mpencraBmser coboi 3amady |-ro poma ¢ ypaBHEHHUEM
TEIUIONIPOBOJTHOCTH B Kpyre. Ee perneHue MOXHO HaWTH, HApUMeEp, METOIOM

pa3aeneHus NIEPEMEHHBIX.

Buewnan 3a0aua 2uopoounamuxu.

OnHOM M3 OCHOBHBIX MPOOJIEM MEXAaHUKH >KUIKOCTEH SBJISETCS 3ajada

oOTeKaHMs Tela KOHEYHOTO pa3Mepa OJHOPOIHBIM HEOTPAHWYEHHBIM MOTOKOM.

Ilycte ST - moBepxHocTh Tema, Dg - BHemHss wacte mpoCTpaHCTBA MO

OTHONIICHWIO K Temy. Tpebyercs HaiTm pemenue cucreMbl (2), (5)
COOTBETCTBYIOILIEE TEUCHUIO, NMEPEXOIAIIEeMY Ha OECKOHEYHOCTH B OJIHOPOJHBIN

MOTOK, JIBWXKymlmiics co ckopocteio U,, Bmoms ocm X . Ha OGeckonedHoctn

MMEEM YCIIOBUE
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VoEU,, Foow. (11)

Ecmm xugkocTthb BA3Kasd, TO Ha IMOBECPXHOCTHU ST BBIITIOJIHACTCSL YCIIOBHUC

MMPpUIHIIAHUA 9aCTUIL )KUAKOCTHU K ITOBECPXHOCTHU!
V=Vr, FeSt, txty (12)

Ecin oOTekaeMoe Teo MOKOUTCS, TO, OUEBUIAHO, CIPABEIMBO IPAHUYHOE

YCIIOBHE
V=0, rEST, t>1p.

B ypaBHeHus (5) BXOIAT mepBble MPOU3BOAHBIE MO BpemeHHU. [loatomy

CICAYCT 3a1aTb HAYAJIbHOC PACIIPCACICHUC CKOpOCTCfI
V=Vp(X,y,2), reStub,, t=t. (13)

CoBokynHocTh ypaBHeHud (2), (5), kpaeBbix ycmoBuih (11), (12) u
HadalbHBIX ycloBUM (13) COCTaBISIOT HECTAIMOHAPHYIO HaYalbHO-KPACBYIO

3a1avay 00 00TEeKaHWU TeJIa BI3KHM ITOTOKOM.

Pacnpeoenenue ckopocmeii 8 u0eanbHOU HECHCUMAEMOTL HCUOKOCHU NPU

YCKOPEeHHOM 08uceHuu cghepul.

be3BuxpeBbIM WIIM MOTEHIMAIBHBIM JIBUKCHUEM HA3bIBACTCS JIBUYKCHUE,
JUIS KOTOPOIo BBIMOJHEHO yciaoBue IOtV =0. DTo sABIASIOTCA HEOOXOIUMBIM U

JIOCTaTOYHBIM YCJIOBHEM CYIICCTBOBAHUS IMOTCHIMAIA CKOPOCTHU (o(t, X, Y, Z) , TaK
YTO CHpaBEIJIMBO IIPEACTaBICHUE: V= gl‘adq). Ecan x)xuakocTh HEC)KMMaeMa, TO
divv=0 wu Ag@=divgradv=0. @yuxuus @(t,X,y,z)  sBusercs

FapMOHHUYECKOH I10 MPOCTPAHCTBEHHBIM IIE€PEMEHHBIM.

Onpenenum  pacnpefieieHHe CKOpPOCTEH B HICAJbHOM HECKHMaeMOM

KHIKOCTH NPH YCKOPEHHOM JBrkeHnH co ckopoctbio Vo (t) cdepsr pagnyca a

cunTas o0TeKanue chepsl MOTCHITUATHHBIM.
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Tak kak ABMXKCHHC ITIOTCHIHAJIIBHO U ) KMAKOCTh HECXKHUMAaCMa, TO ITOTCHIIHMAJI

@ BHe chepsl YIOBIETBOPACT ypaBHeHHIO Jlammaca 1O TPOCTPAHCTBEHHBIM

nepeMeHHbIM. [IOCKOJIBKY XUAKOCTh TPAaHUYUT C ABWXKYLIEHca cdepol, To
HOpPMaJIbHAsl COCTABJIAIONIAS] CKOPOCTH YACTHIL KUAKOCTH HA MOBEPXHOCTU Chephl

PaBHA HOPMAJILHON COCTABJISAIONIEH CKOPOCTH JBUKEHHS OBEPXHOCTH cephl S
- " op . a
(V1n)|S :(grad¢vn)|s :% :(VO(t)’n)
S

Ha GeckoHe4YHOCTH BBITIOJHSAETCS YCIIOBUE:
V>0 mpu r—oo,

3Ha4YuT

Takum oOpazom, asi ompeneneHusl MOoTeHIMaza CKOPOCTH B obnactu D,

BHE JIBIDKYIIEHCS chephl IMEEM KpaeByIo 3a1a9y
Ap=0, (XY,2)eDg,

op ~ _
— =(p(t),n), t=>0,
ons (Vo (t),n)

B oty 3amauy t BxommT Kak mapamerp.

Bri6epem chepruuecKyro CHUCTEMY
xoopaunar (r,0,4), 0<r<+ow, 0<6<r,

0< A <27 TtaK, 4T00ObLI HAYaJI0 OTCYETA COBIALANIO C LIEHTPOM cdepsl, a yron &

COBMAJall C YIJIOM MEXJy HampaBlIeHHEM IBWKEHUS chepbl M HaIpaBICHUEM

HOpMAaJIN K ITIOBCPXHOCTH.
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B kaxzplii MmomeHT BpeMeHH =1y MOXHO ompenenuTh pacnpejeneHue

CKOPOCTEH B MUIKOCTH OTHOCUTEIBHO 3TOM CUCTEMBI KOOPAMHAT, PEIINUB 337a4y
(14) npu ¢ukcupoanHoM 3HaueHuu =1y . B BeIOpaHHOl cucreMe KOOpIUHAT

cuctema (14) npeoOpazyercs k BUY

2
g(rga(p ! a(sinea(pj+ L 99 _0 (r,6,1)eD,,

+—
or\" or ) sind oo 06 ) sin29 a2
9p| _99 =Vp(tp)cosd, 0<6O<r, (15)
8n5 or r=a
a—w,a—gp,a—(o—m, r— oo,
or 00 oA

OueBuIHO, pelieHre 3TON 3aauu B JTI000H MOMEHT BpeMeHH [ onpeneneHo

C TOYHOCTBIO 10 KOHCTaHTbl. IlodTOMYy @ oOnpeneseHo ¢ TOYHOCTBIO [0
npoussonbHOl (Qynkuum Bpemenn C(t). Kak wusBectHo u3 kypca MMO®

OorpaHUYeHHOE Ha 0ECKOHEYHOCTH perieHue 3anauu (15) umeet Buj

o0 N
#(r.0,4,19)=> > ("D (A cosmA + By sinmA) R (cos 0) + C(t) -
n=0m=0

[TocKOIbKY Fﬁ_o (cos@) = P(cos@) =cosé , To rpannunoe ycnosue B (15)

MOKHO 3aITuCaThb KaK

og| 0
ar e Vo(tp) P (cosd) .

Otcroga SICHO, YTO OTJIHWYHBI OT HYJSI TOJIBKO YJICHBI C n=1 m=0.

ITpupaBHHBask COOTBETCTBYIOMNUE WICHBI IpH I' = A, HaxoxuM Kodddumuent Ayq.

3
[omyuaem ¢@(r,0,tp) = _Yo(lp)a™

5—C08 6 +C(tp) aas ar00boro  MOMeEHTa
2r

Bpemenu U =1j.
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[TockonbKy B cpepuyeckoil cuCTeME KOOPAUHAT BBIPAXKEHHUE JIJISi CKOPOCTH

HMeEET BU

" . o0p _ l1lop . 1 Op
V(r,0,A1,t) =€, — + €y — +€ - ,
( )= ot S A sina s

rae €, €y, €, - opTsl chepuyecKoit CHCTEMBI KOOPIHHAT, TO

3
V(r,0,t) =¢; VO(t):)’a

3
v (t)a )
002 o6, Y002 G
r 2r

33M6THNL 4dTO MTOTCHHOHAJT CKOPOCTH ONpCACICcH ¢ TOYHOCTBHO 10

IPOU3BOJIBHOM (PYHKIIMM BPEMEHM, a paclpeiesieHue CKOpPOCTEH ompenensercs

OAHO3HA4YHO.
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I'naBa 2. HeqiuHeHBIE IPOLECCHI

B npenpiaymen rnage u3ydalinch JUHENMHBIEC 3a1aun. /{1 HUX CylIEeCTBYIOT
oOuue MeTobl pemieHus. [ HemMHeNHbIX 3a7a4 CUTyalus ropas3io cioxHee. B
HEJIMHEMHOM CJlydyae He JIEWCTBYET NPUHLMI CYIEPIIO3ULIMH, ITOITOMY HEJb3s
UCKATh PEIEHHE B BUJE Pa3NOKEHHs MO (yHIaMEHTAJbHON CHCTEME PEIICHU,
HENIb3sl Hucnonb3oBaTth wmerox Dypse u 1.0, HenuHenHoe ypaBHEHHE B
AHAJINTUYECKOM BUJE PEILIAeTCs JUIIb B OTACJIBHBIX YAaCTHBIX CIIydasX, IOITOMY

OOBIYHO MNpUXOAUTCA PCIIATh 3aAa1y YUCIICHHO.

HenuHeiinble npoueccsl UMEIOT HEKOTOPBIE XapaKTEPHBIE YEPTHI, OTINYHBIE
OT JMHEHHBbIX ciydaeB. s 3TUX 3a7ay BO3MOXKHO (OPMHPOBAHUE KPYTHIX
(GpOHTOB pelieHud, BO3HUKHOBEHHE pa3phIBOB, 00pa30oBaHUE JIOKAJbHBIX
CTPYKTYp U ApYrue OCOOCHHOCTU. DTH YEPThl MBI MPOCJIEAUM B IMOCIEAYIOIIEM

HN3JI0KCHUU.

§1. KpazuiinHeidHOe ypaBHeHHUE NEePeHOCcA.

VYpaBHEHUS B YaCTHBIX MPOU3BOIHBIX MEPBOTO MOPSAIKA YACTO BCTPEUAOTCS
B 3aJja4aX, B KOTOPBIX paccMaTpuBaeTcs nepeHoc Bemectsa. [lycts, Hanpumep, B
HAIPaBJICHUH OCU X MIEPEHOCUTCS BELIECTBO, KOHIIEHTpalus koToporo U. [Tepenoc
IIPOUCXOJUT CO CKOPOCTHIO (], KOTOpask MOXET 3aBUCETh OT KoopauHat X, t u
koHueHtpauu U. Ilocnennee, Hampumep, HMMeEET MECTO B 3ajaye pacydera
JIBUKEHUS BOJIBI TOJ JEHCTBUEM CHJIBI TSKECTH B IE€CKe, TJie MpH MaJoi
BIQKHOCTH JBWKEHUS HE MPOUCXOAMUT, a MPU OONBIIONW CKOPOCTh CTEKaHUs
cyiiecTBeHHa. PaccMoTpuM OanaHe BelecTBa B ¢ioe oT X 10 X+ AX 3a BpeMs OT
t 1o t+At (B enmHHYHOM ceueHUU mepreHauKyIspHoM X). [loTok BemecTBa
Q=q-u. Nmeem:

X+AX t+At

j[u Et+At)-u(£t)|dé = HQ (x7)-Q(x+Ax,7)]dr (1)

Henum mnocneaHee ypaBHeHue Ha AXAt. Cuutas U u ( HEOpepbIBHO

mudepeHIpyeMbIMU (YHKITMEH CBOMX MEPEMEHHBIX, MEPEeHaIeM K Ipeacty Ipu
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AX—>0 u At — 0. INonyunm muddepeHmanbHBIA aHAIOT YpaBHEHUs OalaHca:

ou  oQ Q
—+—=0. Eciu ( ne 3aBucut or U, TO, pacKpbiBas NPOU3BOAHYI —,
ot 0oX OX
N ou g
IPUXOIUM K JMHEWHOMY ypaBHenuio — +0—+gu =0, rne g =—. Eciu q
ot ' OX OX

. u
3aBHUCHUT OT U, TO MOJy4aeM KBAa3HMJIMHCHUHOC YpaBHCHHC —— + aa— +gu=0, rue
X

q
a=(Qq+U— wu (3aBucar ot U.

Jluneitnoe ypasnuenue.

Bnauane KpaTKO HaITOMHHUM HCKOTOPBIC PE3YIbTAThI n3 KypcCe

b depeHraIbHbIX YPaBHEHHM, OTHOCSIIMECS K TMHEHHBIM 3a/1a4aM MepeHoca.
Paccmotpum B obmactu D nepemennsix X, Y,t 3amauy:

YD S b0y D S g0y DU = (6. @

u‘z = ¢(X’ y,t)

rae @, b, g u f menpepriBHO nUdPepennupyemble QpyHKINM, a’+b*#0, T -
KyCOYHO-TJIaJKasi TOBEPXHOCTh, Jiexkamas B D. Jlng pemenus 3Tod 3amaqu

COCTaBJIFOTCA YPaBHEHUS XapaKTEPUCTHUK:
dt=—=-2 (3)
a

Pemennst (3) Ha3plBalOTCS  XapakTepucTUKaMu. Ecin  paccMOTpeTh
XapaKTepUCTHKY, HPOXOISILYI0 depe3 Touky (X,,Y,,t,), To oHa ymoBieTBOpsieT

YPaBHEHUAM
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x =a(x,y,t) X

=X
ot 0

3 4)
Zob(ey) Y, =Y

XapaKTepI/ICTI/IKI/I SABIIIIOTCA KPHUBBIMU B IIPOCTPAHCTBEC IICPCMCHHBIX

(X,y,1). Ilpu crenaHHBIX OTHOCHTEIBHO @ U b TPEIIONOKEHUSIX OHU 3AIIOHSIIOT

co0oii Bcto obnactb D, Hurae He nepecekasich. Kaxoil 13 HUX MOXKHO MPUIUCATh
JBa TapameTpa, OMNPEISISIIONIMX BBIOOP XapaKTEPUCTUKA B TPEXMEPHOM
NPOCTPAHCTBE KoopAuHaT. Hampumep, B KadyecTBE TaKUX MapaMETPOB MOXKHO

BBIOpaTh 3HaueHuss X) u Yoy B (4). Kpome TOro, xak u3BecTHO, ypaBHEHHs (3)
MMEIOT [IBa MEPBBIX MHTErpaia, To ectb Takue ¢pynkuuu ‘¥qo(X,Y,t), koTopsie

COXpaHSIOT Ha pemenusx (3) mocrosHHble 3Hadenws. Jlusa touek (X, Y,t),

JeKamux Ha (UKCUPOBAHHOW XapaKTEPHUCTHKE ‘P1=C1’ Yo =Cy . TloaTOMy

MMEETCS OJHO3HAuYHOE cooTBeTcTBHE Touek (X,Y,t) u 3HaueHuii (Cl,Cz,t).

HOCJIGIIHI/IG MOJKHO BLI6paTB, KaK HOBBIC KOOPAWHATHI.

OukcUpyeM HEKOTOPYIO XapaKTEPUCTUKY ¥ U MOCYUTAEM MPOU3BOAHYIO U
no t Bnoap Hee. Mcnionb3ys (3), moaydyum
du _du oudx audy_ou  du du

a—+ . CnenoBarenbHO, 3ajada

— =—+ +
dt‘;/ ot oxdt oydt ot OX

(2) B HOBBIX KOOpAWHATaX UMEET BU/I:

(d_u+ gu = fj
dt (5)

Cq,2=const

u(M*) =o(M*)

rae M *- Touka nepeceucHust BHIOPAHHOM XapaKTEPUCTUKH C TIOBEPXHOCTHIO 2.
Takum oOpasom, 3afaua cBenachk K pemieHuro 3agayn Komu st 0ObIKHOBEHHOTO
muddepennmanbHOrO ypaBHeHHs. Permaem 3Ty 3amady, IMOCie 3TOrO JIefiaeM

oOpaTHBIN MepeXxo] K CTaphIM KOOPJIMHATAM U TOJIy9aeM perieHue 3aaaqu (2).
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B cnydae, korjma kaxkaas xapakTepucTHka B D mepecekaeT MOBEpXHOCTh X,
MpuYeM TOJBKO OJIUH pa3, peuieHue (5), a, ciaeaoBaTebHO, U (2) CYIIECTBYET U
enuHCTBEeHHO. ECiii Kakas To XapaKTepUCTHKaA HE MepeceKaeT X, TO PEIICHHe Ha
HEel He eIMHCTBeHHO. Eciu XapakTepucTHka rnepecekaer X 0oJiee OJJHOro pas3a, TO

pemeHue (2) MOXKET He CYIIECTBOBATh.

3ameyanue 1. Bcrm ¢ = f =0, o ypaBHenue 3amaum (2), SKBUBAJIEHTHO

du .
E=0 , TO €CThb MpPEJCTaBIsIeT COOON 3aKOH COXpaHeHUs U BIIOIb
C, ,=const
XapaKTCPUCTUKH.

3ameyanue 2. B ypaBHeHuu (2) NpPUCYTCTBYIOT Mpou3BoAHble U 1O
HE3aBHCHUMBIM TIEPEMEHHBIM. TeM cambIM, MOJ pelieHueM (2) MoHUMaeTcs
rmankas gynkunus. [locne nmepexona x (5) TpeOboBaHUEe HENPEPHIBHOCTH PEIICHUS
IpU MEepexo/ie OT OJAHON XapaKTePUCTHKE K Apyroi cuumaetcs. Ecnu pyHkius ¢
UMEET Pa3pbiBbl, TO MOXXHO paccMaTpuBaTh peuieHus (5), kak 0000IIeHHbIE
pemenust (2), UMEIOIIME Pa3pbIBBl BIOJb XaPAKTEPUCTUK, MPOXOIAIIUX UYepe3

TOUYKH pa3pbiBa QYHKIUHA @ .

Keazununeiinoe ypasnenue.

O6parumcs k 3agadye Koy ays cioydas KBa3WJIMHEHHOTO ypaBHeHHs. JIist
IPOCTOTHl PHCYHKOB PAaCCMOTPUM CIy4all JABYX HE3aBUCUMBIX NEPEMEHHBIX.
IlycTe KpuBasg, Ha KOTOpPOH 3aJaHbl JONOJHUTEIbHBIE YCIOBHUS, OINPEIETIACTCS

cootnomenneM P(X,t) =0. Paccmorpum 3a1a4y:

ou ou
E+a(x,t,u)&—R(x,t,u) ©

u|<D(x,t)=0 =o(xt)

riae byHKIIUH a( x,t,u ) u R ( X, t,u ) SIBISIIOTCS HEMPEPBHIBHO

muddepeHnupyeMpiMy QYHKIUSIMU CBOMX apTYMEHTOB.
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BYILGM HCKAaTb PCHICHHC ATOU 3aJlauu, I1oJjaras, 4941ro OHO YJOBJICTBOPSCT

YpaBHECHUIO
v(x,t,u)=0 (7)
rae v(x,t,u) HEKOTOpasi, mojJjexarias omnpeneiaeHuro, (yHkuusa. [Ipu sTom

oV
mpejmnoiaraem, 4To 6_ # 0. 13 (7), MOKHO OIPECIUTh YaCTHBIC IPOU3BOIHBIC:
u

U /N v

ot ot/ au’ ox  ox/ au

yIIOBJIETBOPSET (PYHKIIHS V.

. Ucnonw3ys (6), monyyum 3aaady, KOTOpOU

@+a(x,t,u)@+ R(x,t,u)ﬂ =0
ot OX ou (8)

V(X’t’(p(x’t))|q>(x,t):o =0

VYpaBHenue 3amaun (8) SBHSETCA JIMHEWMHBIM OTHOCHTENIBHO (YHKIUU
v(x,t,u), MOCKOJIBKY KOA(DUITUEHTHI a(x,t,u) 51 R(X,t,u) OT HEE HE 3aBUCHT.

COOTBGTCTBYIOIHI/IG YPaBHCHUA XapaAKTCPUCTUK UMCIOT BHU:

dx du
dt = a(x,t,u) R(xt,u) )

B paccmarpuBaemMoM ciiyyae XapakTEpUCTUKH SIBISIOTCS KPUBBIMU B

npoctpanctBe  X,[,U, BKIIOUarOIMM B KAdyeCTBE KOOPAMHAT HE TOJBKO
He3aBUCHMBbIE nepeMeHHble X,1, HO u U. DTUM XapaKTepUCTUKU KBa3WJIMHEIHOTO

yYpaBHEHHUS OTJIMYAIOTCS OT JIMHEWHOTO CiIydasl, TJI€ OHM OBUTM KPHUBBIMHU B
MIPOCTPAHCTBE TOJIKO HE3aBUCHUMBIX NepeMeHHbIX. M3 (9) mmeem nBa mepBbIX

HMHTETpasa: ‘Pl(x,t,u) u ‘Pz(x,t,u).

VpaBHenue (8) BbIpakaeT Cco0OM 3aKOH COXpaHeHUs V  BIOJIb

XapaKTEPUCTHUK.
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PaccMoTpuM  XapakTEpUCTHUKY, uA
Ha Kotopeix V=0. Onum oO6pasyrT

HekoTopylo  mosepxHocts [ B Cluz9(t), @(x,t)=0}

npoctpanctee  (X,t,u). Ha oroi (%)
IOBEPXHOCTH JIEKMT KpuBas O, Ha /[ '

KOTOpOﬁ 3aJaHbl JOIIOJTHUTCIBHBIC

(x,tyu)

nosepxHocTh I'{v=0}

>X

3Ha4YCHUA, 3a4aBacMBbIC BTOPBIM

cootHomienueM B (8). Ha o Touku

(X,t, u) CBs3aHbI ycnoBusimMu: ¢

d(x,t) =0, u=gp(x,1).

Bribepem mpousBonbHyo Touky (X,t,U) ma mosepxmoctu I'. Ilposenem

gyepe3 ATy TOUKY XapaKTepUCTUKY JI0 TiepecedyeHust CKpuBoi o . O003HAUUM TOUKY

nepeceuenus, kak (X*,t*,U%). 3mauenue U*=@(X*,t*). IlockonbKy mHepBbIE

HHTCTPAJIbI COXPAaHAOT CBOU 3HAYCHUA HA XdPAKTCPUCTUKAX, TO IMOJIYyYaCM:

WX, tu) = ¥ (X1, o(x*,t%))
Yo (X,t,u) =WYoo (X*,t*,o(X*,t*)) (10)
d(x*,t*)=0

Uckmowast X* wm t* w3 3TOl cucTembl, moilydaeM anreOpamdeckoe

cooTHOILICHHME, cBs3biBaromee U, X, T Mmexay coboi, T.e. pemrenue 3amaun (6).

Memoo xapakmepucmux.

Paccmorpum 3amauy

%u+a(x,t,u)a—U=O —o<X<w ,t>0

OX (11)
u|t:o = ¢(X)

IIycth u HekoTopoe pemienne ypaBaenus (11). 3abuxcupyem ero. Torga a

MPEICTaBIACT COOOM ompeeneHHy0 QyHKIUO oT X u L
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a=a(xtu(x,t)) =a(x,t). PaccmoTpuMm pelIeHHE JIMHEAHOTO ypaBHEHHs
Ut + a(x,t)ux =0. CormacHo 3ameuanuro 1 moGoe pemenne U Takoro

dx

YpaBHEHHUS COXPAHSETCS Ha KPUBBIX, YIOBICTBOPSIONIMX COOTHOMIEHUIO Ot = —.
a

B tom umcne, coxpansiercs u U. Ilockonbky B KadecTBe U MOXHO BBIOpaTh

moboe pemieHust ypaBHeHus (11), To mnonydaem, 4yto r00oe pemieHue U

dx

ITOCTOSIHHO Ha KPUBOU E = a(x,t, u) .

Bribepem nekotopoe X*. Cormacuo (11) u(x*,0)=¢(x*). Yuureias

CKa3aHHOE, MoyTyyaeM, uTo U MOCTOSIHHO U paBHO @P(X*) Ha KpHBOii

% =a(xtg(x*)  X|_g=x* (12)

B cnywae, xorma a=a(u) wus (12) momysaem U(X,t)=¢(x*) s
X = X*+a(g(x*)t.

tA
Urak, METO]T XapaKTePUCTUK
3aKJIIOYAeTCsl B CIEIYIOIIEM. st =o(x*
Avioutem. - Jli u(x,t)=(x*)
nmocTpoeHusi pemenus 3agaud (11) mpum L
nexotopoMm t] >0 HyxHO uepe3 pasnudHbIC
Toukn X*, nexamue Ha mpamoi t=0 o x
0 x*

MIPOBECTH KPHUBHBIE, ya0oBIeTBOpstomue (12),

no mnepecedeHus c¢ mnpamoil t=1. B Toukax mnepeceyeHus 3HaYEHHSA
u(x,tg) = g(x*).

3ametuM, uto YypaBHeHue 3amaud (11) sBisiercs KBa3WIMHEHHBIM

ypaBHEeHHEM. Ero xapakrepucTUKd — KpuBble B mpoctpadctse (X, t,U) -

onpeaAcIsACTCA YCIIOBUAMM

dt:d—x, U = const
a(x,t,u)
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Paspuiewt peuienus.

OOpaTuM BHMMaHME Ha cleayolee o0cTosATeNnbCTBO. IIycTh MBI pemaem

3a7a49y

a_u+a(u)a_u:O —o< X<, t>0
ot OX (13)

u|t:o = ¢(X)

r7ie ¢ - MOHOTOHHO yObIBaromas (GyHKIHS X, a d MOHOTOHHO PacTyIias QyHKIUS

U. CormacHo (12) mpoeknuu XapakTEpPUCTUK KBa3uauHeWHoro ypaBHeHus (13)
dx .
MMEIOT HAKIIOH: i a(a(x*)) , roe

X*  koopauHara nepeceueHIH
npoekiun ¢ ocklo t=0. Tlpu

YKa3aHHOM XapaKTCpPC NU3MCHCHUA ¢

dx

A A 3HAYECHUE — TEM MCHLBIIC, YCM

. = > X
1 X2

e

Oonbiie X*. DTO O3HAYAET, YTO MPH

HEKOTOpPOM 1 HacTymHT nepecedeHne MpoeKIu xapakrepuctuk (Cm. puc).

Iycts B Touke (X,t) MepeceKINch MPOEKIMH XapaKTEPHCTHK, Ha KOTOPBIX
U=u = ¢(XIc )uu=Up = ¢(XZ) . (XapaKTepUCTHUKH MPOIILIN «Ha PA3HOM BBICOTE
U» Hax IIOCKOCThIO KoopamHar (X,t) B TpexmepHom mpoctpanctBe (X,t,U)).
Torma, cormacuo (7), V()_(,'E,ul) =v(§,f,u2) =0. Drto o3Havaer, 4YTO INpH
HekotopoM U3 € (Up,Up) Oyner HapyLIeHO yCIoBHE %(i,f,u:},) # 0, ucnons3ys

KOTOPOE CTPOMJICS METOJ perieHus 3aaaqu (6).
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PaccMoTpeHHas cutyanus TUIMYHA I KBa3WIMHEHHBIX ypaBHEHUM. s

dx
TaKUX YPAaBHEHUU IPOU3BOJIHAS E Ha XapaKTEPUCTHUKAX 3aBHCUT HE TOJIBKO

BeIOOpa Touku (X,1), Kak B cilydyae JTMHEWHBIX ypaBHEHHH, HO M OT perieHus U Ha

paccMaTpuBacMON XapakTepUCTUKU. IloaTOMY IIpoeKIMH XapakTEepUCTUK Ha

wiockocTh (X,t) MoryT mepecekarscs.

Ha cnenyroieM pucyHke nokazano uaMenenue npoguis pemenus (13) ot x

s pasnuaabix MoMeHToB [ Uem Gombie U, AU

TEM C OOJbIIeH CKOPOCTbIO MPOUCXOAUT t=t
SE—
HepeMemeHHe O9TOr0 3HA4YCHUI BJIOJIb X. B e
_ _ —
MOMEeHT [ B Touke X GPOHT CTaAaHOBUTHCS
=3 X
X

OTBCCHBIM — MpOUCXOaUT O6pa3OBaHI/Ie

pa3pbiBa pCIICHUA U y)1apH0p”I BOJIHBI.

[Tpu t >t kmaccuyeckoro pemnieHusi, BCIOY TJIAJIKOTO MO X, HE CYIIECTBYET.

Crnenyer paccMmaTpuBaTh Tak Ha3zbiBaeMoe 00001ieHHoe pemeHue. O6001eHHoe

pemenue npu t >t npencrasisieT co0oil Kilaccuueckue perieHus, mpuieraroime

C JBYX CTOPOH K HEKOTOPOM KpPHWBOW pa3pblBa pEIICHUS X:n(t). Kpusas

X=77(t) ompenenseTcs 3aKoOHOM coxpaHeHus (1), Ha 6a3e KOTOpPOro IMOJIy4eHO

muddepennmansHoe ypapHenue (13).

A WMEHHO, MYyCThb pa3pbiB, Ha OJHOM

AU
Oepery koroporo U =Uq, a Ha 1pyroM U =U9, 3a u,
u u
BpemMs At  npomsumyiacs wa AX. Torma | u;q(u,) / 1q(uy)
U3MEHEHUE KOJIMYECTBA BEILECTBA : ; uy
’ i > X

(3amITpuxoBaHHAsg 30HAa HA PHUCYHKE) paBHO A
X

PasHOCTH BXOAAHIICTO KM BBIXOAAIICTO ITOTOKOB!

(U2 —up)Ax = (qg(u2)ug —g(ug)ug ) At.
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) Vv _97 X
TCIOJIa CKOPOCTh NIBHKEHUS Pa3pbiBa Vs, = gt =|im — 3anmaetcs
At—0
YPaBHEHHUEM:
U»s )Us> —g(uq )u
Voasp __ 9(ug)uz —q(up)yg (14)
Uz —up

Ilocnennee ypaBHeHue HasbiBaeTcsi yciaoBueM ['toronmo. OHO BbIpaxaeT

co00i1 yCIIOBUE COXpAaHEHUS BEIIECTBA HA ()POHTE YAAPHOU BOJIHBI.

Llpumep.

PaCCMOTpI/IM MCTOOOJIOTUIO PCIICHHUA 3ada4ud Ha OpUMEpPC 3aJadu O

MMPOTCKAaHUMU BOIbI CKBO3b IICCOK. HYCTB X - BCPTUKAJIbHAA KOOpJIWHATA,

BO3pacraromias BHU3;, - Bpewms; u(x,t) - BJIQXXHOCTh Tecka; ( - CKOpPOCTh

CTCKaHusA BOJABI IIOL )IeﬁCTBI/IGM CHJIBI TAXCCTH. CKOpOCTB q 3aBUCUT OT
u
BJIa>KHOCTH. HYCTI) q :E, a BJIAXHOCTH U MEHAeTCsa OT HyJI1 10 HCKOTOPOro

MakKCUMaJIBLHOI'O 3HaY€HUA U KOTOPOC ONpCaAcCIACTCA IMOPUCTOCTHIO TICCKA. ,HJI}I

max °
rIaaKo  QyHKIMU u(x,t) COOTHOIIeHHe Oamanca koauuectBa Boabl (1),

OPUBOJIUT K MU PepeHIInaTbHOMY YPaBHEHHUIO:

ou 0
E+&(q(u)u):0

C y4eToM KOHKPETHOTO BHJa (PYHKIIUU q(u) IIOJIy4aeM KBa3WIMHEWHOE

YpaBHEHHUE:
Zt_u +U % =0 (15)

Paccmotpum 3amady Ha OeckOHEUYHOM yyacTke —o0<X<oo. Ilycts B

HayaJlbHBIM MOMEHT BpPCMCHHU
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2, npux<0
u(x,0)=¢(x)= 2—X,npul<x<2 (16)
1, npu x >1

TpebGyercs Haittu pemienue 3amxaun (15), (16) nmpu t > 0.

PemnMm mnocraBineHHyro 3agady. [l KIacCHMYECKOTO PELIEHUS HAKJIOH
MPOCKIUKA XapaKTEPUCTHK Ha IIOCKOCTh (X,t) ompenenseTcss COOTHOIICHUSIMU

(12). B paccmatpuBaemom mpumMepe umeeM: U(X,t) = ¢(X*) mas X = X*+g(x*)t.

Otcrona
u=2, X—X*=2t npu x*<0
u=2-x* X=x*=2-x*t npu 0<x*<1 (17)
u=1, X—X*=t npul<x™

Ipu t =1 Bce mpoekumu xapakTepucTuk, it Kotopeix 0 < X* <1 cxomsres
B Touke X=2. IIpu t >1 MbI 10/KHBI HCKATh 00OOIIEHHOE PEIICHHE, COCTOSIIEE

N3 ABYX KIACCHYCCKUX, CHIMTBIX II0 JIMHHUHN

M UI:Z

7z

onpexensiercs yciopueM ['toronuno (14): 1f = =< =2~~~

paspbiBa X=n (t) . Jluaus  paspsiBa

Il
(Y[

HauMHaeTcs B Touke (t=1,Xx=2) wu

dp _(Up/2)-up—(W/2)-up Up+u 3
dt Us —lp 2 2

0 x* 1 2 X
[Tpoeknun XapaKTEePHCTHUK CXOAATCA C JBYX CTOPOH K JIMHHM Pa3phIBa

peLICHUS.
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§2. HesqiuHeliHOe ypaBHeHHE TEIIONPOBOIHOCTH.

B kypce MM® wm3yvanace 3amaya Komm i  ypaBHEHHs

TEIIONPOBOIHOCTH C MOCTOSIHHBIM KO3 (QULIUEHTOM d:

ut:azuxx —o<X<0w,t>0

u(x,0) = ¢(x)

1)

breiia IMOCTPOCHA q)YHKHI/ISI BIIMAHUA TOYCYHOI'O HCTOYHHKA

_(x=5)
G(x,&t)=———e 4at u TIOJIy4EHO pelIEeHHE:
2rr+at
o0
u(x,t) = I o(&)-G(x,&,1)dE. Kak  wuseectno, ¢yukuus G onmcwiBaer
—00

TEMIIEPATYpPy B TOYKE X, eciii B Touke & B MoMeHT U =0 Obu1 mpom3BeieH Harpes.
Bumno, uto G >0 maxe npu mansix t >0 cpasy s Bcex & ux. D10 HepeanbHO

C TOYKH 3peHus PU3HUKH, TOCKOJIBKY MPOIIECC PACTIPOCTPAHECHUS TEIUIA B IPUPOJIE
UAET C KOHEYHOM CKOPOCTBHIO, BCJEACTBHE KOHEYHON CKOPOCTH JBUXKEHUS
MOJIEKYJ. OTOT (akTop He oTpaxkeH B monenu (1) — mMoxmenp paccuMTaHa Ha
OMKMCAaHHWE TPOIIECCOB TEIUIONepeNadyl B TPOCTPAHCTBEHHO - BPEMEHHBIX
MacimTabax, B KOTOPBIX OrPAaHMYEHHOCTHIO CKOPOCTH TEpenadyd Teria MOXHO

peHeOpeyb.

Ho Bo3numkaer craeayromuii Bompoc. Pemenue OBUIO TOCTPOEHO B
NPENONIOKEHUN HAIUYUSI HEMPEPBIBHBIX MPOU3BOAHBIX MO X. MOXeET OBITH ATO
OBLJIO C/ENaHO «B YroAy MaTeMaTHKe», a Ha Al
caMoOM Jielie MOXHO ObUTIO OBl MCKaTh (PMHUTHOE
pelIeHue, C pa3pbIBHOW MPOU3BOJHOM, OTIIMYHOE

OT HYJIS JUIIb B HEKOTOPOU PaCIIMPSIOLIENCS CO /

BPEMEHEM OKPECTHOCTH TOYKH ¢, B KOTOPOM 3 X

X1 X2
ObLT TIPOM3BEJICH HarpeB. A MMEHHO, B BHJIE, a

n300paKeHHOM Ha pHUCYyHKe. JIerko yOeauTcs, 9TO 3TO HE Tak. J[elcTBUTENBHO,
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u
NOTOK Temiaa ( =—-k—. IlooToMy B TOYKax X| M X| Ha PUCYHKE HApYILICHO

(u3HUecKoe ycI0BHE HEMPEPHIBHOCTH TEIJIOBOrO NMOTOKA. B cuity 3Toro ycnoBus,

ou

B 3a7aue (1) Henb3s MCKaTh pElIeHHE, UMEIOIEe pa3phbiB MPOU3BOAHON 6_ npu
X
t>0.

Curyanuss MeEHSETCS €CIM pPaccMaTpuBaTh 3aJady C HEJIUHEHHBIM
ypasuernueM Ui = (K(U)uy)y, rae K(u) =0 npu U=0. B atom ciyuae paspsia
TEIUIOBOTO MOTOKA B TOYKAX X| M X|, M300paXKCHHBIX Ha PUCYHKE HE IPOUCXO/IHT.

ou
C 00erx CTOPOH 3THX TOYEK IMpeeibHoe 3Hayenue noroka ¢ =—K(U)— pasno

HYJIIO.

CrnenoBarenbHO, B CIydYae YKa3aHHOIO HEJIMHEWHOIO YPaBHEHUS MOXKHO
UCKaTh (MHUTHBIE pPEHIeHUs, YTO OyJeT MPOJAEMOHCTPUPOBAHO B MOCIEAYIOIMIUX

MyHKTaXx.

Ypasnenue Byccunecka. 3a0aua o nasoonenuu.

Paccmorpum Takyro 3amauy. Ilycte mmeercss 03€epo M JIEpEBHs, Tak Kak
n300pakeHo Ha pucyHke. [log HUMU pacroyokeH THAPOYIOPHBINA clloi (TJIMHA),

MMOKA3aHHBbIM KUPHOW  JIMHUEH.

IMycts  u(x,t) -  ypoBeHsb (&

TPYHTOBOM BOJBI Hajq

ruapoynopoMm B obmactu X > 0. / \@
[Iycts Bechoi, k Momenty t=0 ST Thi
BOJAa B 03€pe MOJHAIACH IO 4 L >

Hy.]IGBOﬁ OTMCTKH MU IIPpOAOJIZKACT

npubbBath 10  3akoHy U(O,t) =kt. CraBurcs BOmpoc 0 TOM, Kak OBICTPO

3aTOIUICHUE JOUJIET J0 JEPEBHHU, PACIIOJIOKEHHOW Ha BRICOTE N HaJ TUApOYyIopomM

U UMEIoIIel KoopauHaty X = L.
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Cnauana mojiyyuM ypaBHEHHUE, omHChIBaroiee udmeHnenue U. PaccmoTpum
BEPTUKAIBHOE CEYEHUE 3EMJIM OT JHEBHOW TMOBEPXHOCTH N0 THUAPOYIOpA.

[IOTHOCTH TOPU3OHTAIIBHOTO TMOTOKA
N MOBEPXHOCTH

P
BOJIBI paBHA q:—DZ—, roe P —
X

/’_\‘1 u
naeiaenne, a D - koaddurment \
IPOBOJMMOCTH Cpefibl. PaccMoTpum

HekoTopyto  Beicory  0<z<U.

JlaBiieHMEe Ha DTOW BBICOTE PABHO
P(@)=p9(u-2) tme, p -

INIOTHOCTE BOABI, @ ( - YCKOPCHHUEC CBO6OIIHOI‘O IHaaCHUA. CJ'IGI[OB&TGJIBHO,

77 7 tagpoynop 7 7 7 7 7> X

ou
g=—-Dpg— wu or Z ue 3aBucut. [103TOMY TONHBIA MOTOK, WUAYIIHHA Yepes

ou
ceucnne Oyner paBen Q =-DpQg-U—. UnrerpansHoe ypaBHeHHe OasaHca

BOJIBI B ¢J10€ OT X 10 X+ AX 3a Bpems ot t 10 t + At Oyner:

X+AX

[ e-(u(&t+at)-u(&t))dé=

X

t+At

I Dog- u(x,r)au(a))((’r)—au(x’g;AT)u(X,r—kAf) dr

r7e & - NOPO3HOCTh cpenbl. [lenmnm ypaBHeHHEe Ha AX U At U ycTpemusieM ux K
nymto. [Tonyuaem nuddepennmanbsHoe ypaBHEHHE, OMUCHIBAIOIIEE BHICOTY YPOBHS

TPYHTOBOM BOJIBI HAJl THIPOYIIOPOM, Ha3bIBa€MO€E ypaBHEeHUEM byccuHecka:

Dpg
U = UUy
29 (uuy ),
. 2 .
Cnenaem 3ameHy nepemeHHoi 7 =——1, (T.e. BBemeM HOBBII MacITad
Dpg
ke
BpemeHu). OOo3Havaem D’ kak K. Ilomydaem MaTtematuueckass MOJEIb
P9

mponecca:
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=0 )

CornacHo mOpenpIAyIIeMy ITYHKTY, Mbl MMEEM IpPaBO HCKATh PEIICHHUE,
umeroniee nepenom mpousoanoi mpu U =0. HMmem pemenne 3amaun (2) B

aBTOMOACIIBPHOM BHC I[BPI)KyIJ.IGfICH BOJIHBI

u= f(Vr—X) npu vr —x >0,

3
u=0 npu vi—x<0 (3)
rje V IOCTOSHHAs CKOPOCTh, MOJIEXKAIIas ONnpeaeiaeHuio. I101CTaBuB Takoi BH/
pemrenns B (2), HONyd4aeM ypaBHEHHE B OOBIKHOBEHHBLIX IPOM3BOMHBIX JUIS
onpenenenns pyukunu T (), rne o =vr —X:

!

Vi =(ff)

WHTerpupyeM 3TO ypaBHeHHE OT Hyis g0 Hekotoporo o <0. Hmeewm:

vi = ff’. Orkyma f'=V U3 rpammunoro ycnosus 3agaum (2), HAX0IUM

Ko
dynxumonansreiii Bun f: U(0,7)=Kzr = f(vr—0). Orcroma f(a)=—.
\"
Ucnonb3ys paBenctBo ' =V, umeem: — =V. Cnenosarensao V=+K , a

Y

f(a)= aJK . [Monyuaem pemienne 3amauu (2):

U(X,Z’)I Kr—\/EX npu x<\/ET

U(X,Z‘)ZO npuxZ«/Ez'

HaBonnenne poiger A0 JA€peBHU NOpU 7, KOTOPOE ONPEIACISIETCS

pasenctBom h=Kr7— \/R L.
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Henuneiinaa mooens 2openus.

YacTo MOIIHOCTh UCTOYHUKOB TEILJIA 3aBUCUT OT TemIiiepaTtypbl. Hampumep,
B IJIOXO TOPSIIEM KOCTPE BBIJIEIEHUE TeIia ApoBaMU ciaboe, a Korjga KOocTep
pasropurcs, TO T€ K€ APOBa BBIIEIAIOT MHOro sHepruu. Ilepenada temna yacTto

MMeeT KOHBEKTUBHBIN xapaktep. [Ipu 3ToM KO3hDUIMEHT TEemIonpOBOJHOCTH

3dBUCUT OT HUHTCHCHUBHOCTU KOHBCKTHUBHBIX HpOI_[eCCOB - TEM CaMbIM OT
TEMIIEPaTYPBHI.
p u =(ulu, | +uf 4)
acCMOTPUM ypaBHEHHE Ut = x),

BYIICM HNCKATbh aBTOMOJCIIbHBIC PCIICHUA 3TOTO YPABHCHUSA IJIA PA3SHBIX 3HA4YCHUM

napameTpa 3.
1) Oycte =3
0(x)
NT -t
YPAaBHEHHMIO B OOBIKHOBEHHBIX HNPOU3BOAHBIX: OO0" + 202 1 92 =1/2. Ero

\3 [ X

3
pereHueM sBisieTcs QyHKIHS H(X) =——CO0S ﬁj O603HauUM %7[, KakK X(.

B stom cnyuae ypaBHenue (4) 3ameHOM u(x,t) = MIPUBOJIUTCS K

[Tonydaem, 4To penieHUEM 3a4a4u:

Ut :(uzux) +us
X

J3 X
u(X,O): 2\/?005(\@) npu |x|£x0

0 npu |x| > X0

ABIACTCS (PYHKITHS:
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U(X’t)z \/2§COS-E j

0, npu |x| > XQ

, npu |x| <Xp (5)

|
L& <

S

Beipacxkxenne (5) omnucblBaeT CTPYKTYpy (UKCUPOBAHHOM UIMPHHBI,
BEJIMUYMHA KOTOPOM OECKOHEYHO BO3pAacTaeT 3a KOHEYHOe Bpems. Pemienws,

o0J1aaroue MOCIEeIHUM CBOMCTBOM, Ha3bIBAIOTCS PEIIEHUSMU C OOOCTPEHHUEM.

2) Ilycte =2

0(s)

B sToM cnyuae caenaeMm Opyryro 3aMeHy, a UMEHHO U(X,t) = T ¢’ rje

E=XyT —t. Takas 3amMeHa npPUBOAUT YypaBHeHHe (4) K YpaBHEHHIO B

O6BIKHOBCHHI)IX HpOI/I?)BO]IHI)IX.
(929') + 62 +%—0=0 6)

N3 (6) BumHO, 4TO PYyHKIIUS 9(5 ) ABJISIETCS. YETHOM, IO3TOMY 6?'(0) =0.

[Mpu & =0 ypaBHenue (6) mpeobpazyeTcs K BUIY: 626"+ 6% —9=0. Bri6pas
0(0)>1, mnonywaem, uro Bropas mnpoussogHas O"(0) orpunarensha,
cliefIoBaTeNbHO, B Touke & =0 pacrnonokeH MaKCUMyM.

CymectByeTr penieHue 9(§ ) ,  YAOBIETBOpsAlollee ypaBHeHUIO (6),
MOJIOXKUTENbHOE Ha HekoTopoM uHTepBane (&;,—&,) u paBHoe Hymo mpu & = &;.

Camo pemienue M 3Ha4eHHE &, MOKHO HAMTH YHUCIICHHO.

5

Ilpu & — 0, npenebperas B (6) MaabIMH YiIEHAMH, HMEEM: 296"4-5%0.

1
PelieHne MOCIEIHEr0 ypaBHEHHWs BeleT cels, Kak (9(95):5\/502 &%,

Cnenosarensro, 8'(&; —0) <O0.
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H(XJTTt)

Crponm pewenne U(X,t)= ,tae O(&) ompenensercs Ha HHTEpBATIE

(&,—&) m(6) u (&) =0 npu &> &,. Takas pyskms U (X,t) UMEET pa3phiB

o
Nig=i

MPOU3BOJHOM MO X B TOUKE X = , TJIe pelieHne oopamaeTcsi B HOJIb.

Haiinennoe pemienne, 00pa3yeT JOKAJIbHYI CTPYKTYpY, KOTOpas

pacmmpacTCs MPOIIOPHUOHAJIBHO }</T_t’ N HCOT'PAHUYCHHO BO3pACTACT B
HCHTPC 3a KOHCYHOC BPCMHI.

3) Iycts B =4

0(¢) . X

(T-t)"°"

B stom ciiydae cnenaem 3ameny U(X,t) =

[Tpu sTom ypaBHeHue (4) mpeodpa3yeTcs K BUNLY:

(929')’ + 6 =‘%’5+%9

KauecTBeHHBIN BHUO PCUHICHUS 3TOI'O YPABHCHUS IIPCACTABJIICH Ha PUCYHKC.

0
NmeeM HeTOKaNbHBIM MpOIECC C OOOCTPEHHEM B LIEHTPE CTPYKTYpPhl. MOXKHO

nokasarb, uto npu X #0 perienune pacrer, ocTaBasich KOHEUHBIM.

Mooens donbuiozo e3puiea.

bapenbnarrom u 3enpaoBudeM Oblia pacCMOTPEHaA M HCCIICIOBaHA CIICIYIOIIas,

OJHOMCpHAsA II0 IPOCTPAHCTBCHHBIM KOOpAWMHATaAM, MOICIIb 0O0IBIIIOTO B3PhbIBA,
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MOJIOYKUBILIETO HAYAJIO JBUKEHUS BELIECTBA BO BCEIEHHOM. IlycTh B HadaIbHBIN
MOMEHT BpPEMEHU Macca BCEJNEeHHOM M Obula cocpeoTOYeHa B OJHOM TOUKe

x=0. PaCHpOCTpaHCHI/IC BCIICCTBA ITOCJIC B3pPbIBA daBTOPHLI OIIMCAJIN MOACJIbIO!

Ut :(uzux)
X

u(0,x)=5(x)M

(7)

CnenaeM 3ameHy koopauHat & = u OyJgeM WuCKaTh pElIeHHE B

ABTOMOJEIIBHOM  BHJE: u ( X, t) =— < rae o ( & ) - TIPOU3BOJIbHAS

muddepenuupyemas byHkuus. HeTpyaHo mpoBepuTh, 4TO I Takoro U, mpu

X
JT000M BBIOOpE 6’(9E ), BBINOJIHEHO: Ut = (—u 4_tj . YpaBHenue (7) npuBoauTCA K
X

X
BUJLY: (—UEJ :(uzux) . Nuterpupyst 310 ypaBHEHHE MO X, HCIOIB3YS
X X

. 0 X 2X 2 o
MCKOMBIH BU U, TIOJIydaeM: —tlﬁﬂ = mﬁ @' . Orcrona 800' =-1.

Nmem pemieHne mocineqHET0 ypaBHEHUS B Bujae (PUHUTHOW (QYyHKIUH,

MMeEIoIIel paspeiB  mpousBogHoit mpu @ =0. Takum pemieHHeM SBISETCS

GyHKIUS 9(5) = maxE & =S, O:I.

MpI nonyuyunu cienyroluee peuienue 3anayu (7):

1 50_)(2 tu
2 \I t
U(X,t)=<TJ_,an|X|< §0f1/4
0, npu|x|> §0t1/4 g T TN
L y \
! '
0 R



rae & - BENMYMHA, ONIpEAeNsiomas TpaHUIly Bo3MymieHHs. Ee MoxHO

OMPENIENIUTh U3 BTOPOTO ypaBHEHUsI CUCTEMBI (7). Y ClI0BUE HOPMHUPOBKHU OYIET:

o Jet J&
M:J‘u(x,t)dx:zg tidx Zf tgg/zd(t”“\/g):

—o0 0

\lgo _\fgl\/m _ 3
_[ = ! Ja da = 50?.

OTCIOIIa HaxX0oJuM é:O , TEM CaMbIM PCUICHUC ITOJTHOCTBIO OIIPCIACIICHO.

§3. Moaeas «XumHuk-Kepraa»

PaccMmotpum monens BonbTepa miis 3aj1aun «XUIHUK-KepTBa». [lycTth X -

YUCIIO SaﬁHCB, a y - 4YHCI0 BOJIKOB. M3MeHeHue uyucia BaﬁIIGB BO BpPCMCHHU

MpoucxoauT 3a CUCT MABYX (1)aKTOp0B — POXICHHUA HOBBIX SaﬁHGB, qTo
MPpONMOPUNOHAJIBHO KOJIMYCCTBY KUBYHIHUX 3a1‘/'1ueB, n CMCPTHU 3a CUYCT BCTPCUU C
BosikaMu. KonmuecTtBo BCTPCU IMPOIIOPHUOHAIBHO IIPOU3BCACHNUIO YHCJIA 3aﬁueB )41
BOJIKOB. COOTBGTCTBGHHO, BOJIKaM IJIsI YBCIIMYCHUS ITOIIYJIIIUNA U BCKaAPpMIIMBAHUA
MOJIOAOIO ITOKOJCHUA Tpe6yeTc;I ImamIa. By,IIGM CUUTATh IIPUPOCT KOJIHUYCCTBA
BOJIKOB IIPOIMOPHUOHAJIHBIM KOJIHYCCTBY BCTPEY HUX C BaﬁHaMI/I. KpOMe TOTIO,
HMCCT MCCTO CCTCCTBCHHAsA Y6I>IJ'II> BOJIKOB OT CTApOCTH H TI0JioJa, KOTOpasa TCM

OoJibie, 4eM OOJIbIIIEe KOJTYECTBO BOJKOB. [lomyuaem Moienb:

dx
Ezklx—kzxy X(ty) =X,

9)
d—¥ =kxy =Ky y(t)=Y,

Uccnenyem pemenne (9). Ilogenus nepBoe ypaBHeHue cuctemsl (9) Ha BTOpOE,

MTOJYYHM:

dx _ x(k, —k,Y)
dy y(ksx_k4)
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Nuaue:

dx(ksx—k,) _dy(k —k,y)
X y

DTO ypaBHEHHUE C pa3/IeICHHBIMU NIEPEMEHHBIMU. Pelas ero, moinydum:

ek3x ekzy

y

XK

3necy C — WHTETpan JBIKEHUS, TO €CTh BEJIMYMHA COXpaHSIONIee 3HAUCHUE HA
petiennn ypaBHeHuin (9). Ycmoue C =CONSt ompexenser JIUHHUIO YPOBHS

MHTErpaJIbHOM KpUBOH B ipoctpanctse (X, Y, C) .

[IpupaBHSB HyNIO MpaBble YACTU YpaBHEHUH cucTeMbl (9), MOKHO HaWTH

TouKy nokost (X,,,Y,). Umeem:
X, =kKalK3, Y, =k /Ko

IToncraBnsis 3t koopauHatel B (10), HaxoauM 3HAYEHHWE WHTETpalia
JIBIKEHHSI, COOTBETCTBYIOIIEE TOUKE IMTOKOSI:

e k3xn e k2 Yn

C =

BCANCAN

ksx kyy
Paccmorpum Qynkiuu f (X) = - ug (y)= - Jlerxo Bunets, ato Qynkuus f

HeorpaHudyeHHo BospactaeT npu X —>0 m X —> 00, BeIUKCIMM €€ NPOM3BOAHYIO:

dx

X< Xp. Tem caMbIM €e MUHMMYM JOCTUTAaeTCsl MPH X = Xp. AHAJIOTUYHO BEAET

df K
—=f -(kg ——4} Orcrona cienyet, uto f pacrer mpu X > X ¥ yObIBaeT npu

cebst ¢pynxnus g(y). Ona umeer MuHEUMYM 1pu Y = Yp,. ITosToMy moBepXHOCTH

C(x,y)=f(X)g(y) wumeer xapakTep NPOrHYTOH TOBEPXHOCTH, WMEIOIICH

MHHHMYM B TOYKE MOKOS M OECKOHEYHO BO3PACTAIOIIYI0 K TPAHHULAM IIEPBOIO
KBaJpaHTa u 0ECKOHEYHOCTH Ha 1IockocTH (X,Y).
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QPukcupyem MIPOU3BOJILHOE

A
snauenne C >C u mpoussonbHOE Y,
aexainee Ha nuHuM ypoBHs C =const. c
3HauycHMS X, COOTBETCTBYIOLINE g(y)

BeIOpaHHBIM C u Y, omnpenenstoTcs

ycnosuem f(X)=C/g(y). VuursiBas

xapaktep Gynkuuu f(X), noxazannmlii na > X

PUCYHKE, BHIUM, YTO HMCIOTCA [BA

Takux 3Ha4eHust X. Takum obpasom, nmpu C >C  kaxaoMy Y COOTBETCTBYIOT aABa

3HAYeHHUs X JexamieMy Ha JuHur ypoBHs C = CONSt. AHajgoruyHo, Kaxmomy X,

JeXauleMy Ha JIMHUU YPOBHSI COOTBETCTBYIOT /1Ba Y.

IIpu C >C  mnomyyaeM 3aMKHyThIC JHHHHM YPOBHSI, JIEXKallie B OOJIACTH
X>0, y>0. Orcrona, ecnn HawanpHas Touka (Xg,Yp) JI©KAUT B HEPBOM

KBaJipaHTe, TO (a3oBas TPACGKTOPUS HE TMOKHUAAET MEpPBOTO KBaJpaHTa, T.€.

X(t) >0 u y(t) > 0 B 110001 MOMEHT BPEMEHH.

Ecnu HauanbpHas TOuka He COBIAJAET C TOYKOHM mMokosi, To u3 (9) cienyer,
2 2

OX oy OX oy

gyro sm6o — #0, nmbo —t;tO. WupiMu  cnoBamu | — | +| — | #0.

[TonyyaeM HEnpepBIBHOE IBUKECHUE.

Hamnpapienue npuxeHus Ha (pa3oBOU MIOCKOCTH

MOXHO OMPENeNUTh 110 HIKHEH Touke (Ha3oBoit
KPUBOMH, COOTBeTCTBYIOIEeH X=X . IIpu aTom 2t =0,

OX

a re X, (K, —k,y)>0, uro 3amaer HampabieHue

00X0/1a TPOTUB YACOBOM CTPEIIKH.

BI/II[ HHTCI'PAJIbHBIX KPHUBLIX ITIOKAa3aH Ha CIICAYIOIICM PUCYHKC.
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PaccMmoTrpeHHas 3amada CIly>)KUT IpuMepom %, ¥V

JHeepmea
TOro, Kak B  CHUCTEME,  ONHUCHIBAEMOU
HEJIMHEMHBIMHU YpPaBHEHUSIMU, MOKET
BO3HUKHYTh B3aUMOJICHCTBUE (bakTopoB,
XUUHUK

NPUBOJAILIEE K BO3HUKHOBEHHUIO YCTOWYUBOU

CTPYKTYphl pemeHuss. B manHoMm ciydae, K

ITOABJICHUIO YCTOﬁqHBOFO OUKJINYCCKOTI'O

npoiiecca.
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I'maBa 3. Meroasl penienus 3aaad.
1. Memoo koneunwvlx pasnocmeil.

§1. O0mme nousiTHA.
HanmoMHUM HEKOTOpbIE MOHSTHS, KOTOPHIE PAaCCMAaTPUBAIUCH B Kypce
muddepeHInaIbHbIX YpaBHEHUH, 1 onpeaenum odo3naueHus. [lycts TpeOyercs

YUCJIEHHBIM METOJOM HAWTH PEIICHHE CIAEAYIOIIECH 3a1auu:

Lu(x)=f(x), x=(X,%,....x,)€D
Ku(x)=p(x), xel (1)

3nech I - rpanunia obmactu D, L - muddepennmansubiii omeparop, K -

OTIepaTop JIOMOJHUTEIBHBIX (HAYAJIbHBIX WM TPAHWYHBIX) YCIIOBUM, f(x) u

,u(x) - 3a/1aHHbIC (DYHKIIUH.

Brenem B o0nactu D MpsSMOYTOJIbHYIO

1

L]

1

1
—_

1

1

r

1

: L]
k== ——-—+
1 r 1 1 1 1
|D| 1 1 1
KOOPAHMHATHYIO  CCTKY W. BYIIGM JJIA F---.'-_1.--+--.|.--]I.--T--.:-_.
| 1 ! 1 1 ]
IIPOCTOTBI  paCcCMATPHUBATL PABHOMCPHYIO "'T"T":‘":'"T"'I’"T"
1 1 h
-—-'r---l---r--:-—-i---r---i-- Y

CETKY, TO €CThb TaKyl, y KOTOpPOW IIar R
_-.;--.I__JI._-I._-|.__|-_.|._-
M3MEeHEeHust koopauHatel x,, (M=1,...,n) o

HOCTOSIHHBIN, paBHbI h,,. Ilo pa3HbIM h

HanpaBleHUsIM BeJIMYMHA Imara N MoxkerT ObITh pasHoi. O6O3HAYMM Y3JIbI
h h

ceTku, Kak X . COBOKYIMHOCTh TOuek X BHyTpu obOmactu D o06o3Haumm kak

h h
W", a COBOKYIIHOCTh TOYEK X', IeKamux Ha rpanuie oomactu D o6oznaumm

kak »". OGosmaunm " = f(Xh) u i =,u(Xh).

Hapsny ¢ pemennem 3anaun (1) — nuddepenmmpyemoii Gpynkuuein U(X)
OyleM pacCMaTpHBaThb TAK  HA3bIBACMyI0 CETOYHYIO (yHKIOHMIO V',

NPECTaBIAIONIYI0 OO0 COBOKYITHOCTh YHMCET — 3HAUEHHUH V; B y3J1axX CETKH.
h
Jlnst V' cocTaBUM pa3HOCTHBIC ayireOpandeckue aHajaord audQepeHimanbHbIX

o ou
orepatopos, ¢purypupyomux B (1). Hanmpumep, mpousBogHon Lu = x B TOUKE
X



Vie1 7V .

X, TOCTaBUM B COOTBETCTBUE pA3HOCTHBIA omeparop L,v= —

0

2

u

muddepeHInaTbHOMY — OTIepaTopy Lu=— 1OCTaBUM B COOTBETCTBHEC
OX

1(Viiq—Vi Vi—Vi_ Viiq —2Vi +V;_
thz_( i+1 Vi i 1]2 i+1 i i-1 U T. I

h h h2

h

Torga, cucrtema ypaBHeHUM 1 v, cooTBercTByromas (1), Oyner

BBITTIAOCTD CICAYIOIINM 06p3,30MI

LV =f", x"ew"

(2)

Kth :ﬂh’ X e}/h

CucteMy anredpandeckux ypaBHEHUM (2) Ha3bIBAIOT Pa3HOCTHOM cxeMoM

115t cuctemsl (1).

bmu3zocte ceTouHbIX (QYHKIMI (Takke, Kak OOBIYHBIX (PYHKIMI) MOXHO
OLICHMBAaTh B PAa3JIMYHBIX HOpMax. Mbl, I IPOCTOTHI, OyZeM paccMaTpuBaTh

HX B HOPMC, COOTBGTCTBYI-OIHeﬁ HOPMC PABHOMCPHOI'O HpI/I6JII/I}K€HHH, TO €CTb

OyaeM cuuTaTh H vhH = max| vil -
|

Bymem roBopuTh, 9YTO pa3HOCTHBIA omeparop L, ammpokcumupyer

nudepenmaneapi  omepatop L ¢ TounocTteio mopsgka K, ecam

h h k
H Lu”-Lu H <Ch", rne xoncranta C He 3aBHCHT OT BEJIMUMHBI Imara ceTkH h.

Ecnu noacraButh pemenue U 3agaun (1) B pa3HOCTHBIE COOTHOLIEHUS (2),

TO IMOJIYYUM, YTO 3TH COOTHOIICHUS BBIITOJIHCHBI HC TOYHO!

Lu"=f"+&", x"ew

(3)

Ku"=p"+&", x"ey"

h .
& Ha3bIBaeTCsl HEBA3KOW. byJeM TroBOpUTh, 4YTO pa3HOCTHas cxema (2)

anmpokcuMupyeT 3aaady (1) ¢ mopsiakom K, ecnu HEhH < Ch*. Jerko BUJIETD,



aro ecn L, n K, ammpokcumupyror oneparopsr L u K ¢ TousocTsio mopsiaka

k , To u cxema (2) anmpokcumMHupyeT 3a1a4y (1) ¢ TeM ke MOPSIKOM TOYHOCTH.

h h .
PaccmoTpum pemenue Vo 3agaun (2) U Z© - pellIeHHE TaKOU XK€ 3a/1auu C

MaJI0 U3MEHEHHOM IIPaBOM YaCThIO
Lz"=f"+&", x"ew"
Khzh =/Jh +77h, X e}/h

Pa3HocTHas cxeMa Ha3bIBa€TCsA YCTOWYMBOM, €CIM HAUAYTCS TAKUE YHUCIIA

h
M wu N, 49ro gua mo0bX €& u 7" Oyzer  BBIIOIHEHO

2" =" <Mme"]+ N

By/eM roBopHTb, 4To petrerne (2) - GyHKims V" - CXOLUTCS K PELICHHIO

(1) - dyrxuun U"- ¢ mopsixkoM K , eciu Hu“ —VhH < Ch*.

B kypce nuddepeHuHanbHbIX ypaBHEHU OBbUIO JI0Ka3aHO, 4YTO W3
annpoOKCUMAMU U YCTOMYMBOCTH CIIEAYET CXOAMMOCTb C IMOPSIAKOM, PaBHBIM

MOPSAKY allPOKCUMAIUH.

PaznoctHas 3agada HAa3bIBACTCA KOppeKTHOﬁ, €CJIM OHa OAHO3HA4YHO
paspfuinMa MU PCIICHHUC HCIIPCPBIBHO 3aBHCUT OT AOIIOJHHUTCIIBHBIX JAHHBIX

paBHOMEpHO M0 h (CBOMCTBO yCTOMYMBOCTH).

§2. Pa3HocTHBIE 3a1a4M VISl yPABHEHHS TEILUIONPOBOAHOCTH.

PaccmoTtpum 3amady TemionpoBoaHOCTH Ha oTpeske 0 < X <1:

u —u, = f(xt)
u(x,0)=ep(x)
u(0,t) =14 (t)
u(Lt)=s4(t)

(1)

Byz[eM HHTCPCCOBATLCA HU3MCHCHHCM PCIOCHHUA 3a IICPpHUOA BpPCMCHHU

0<t<T. B ykazanHo#l 00JacTH BBEIEM PaBHOMEPHYIO CETKy C HEKOTOPHIM



maroM h mo mpocTpaHCTBEHHON KOOpIWHATE, U C IIaroM 7 - 10 BPEMEHHOM,

TaK uTo
w" ={x, =hm;m=0,1,..,N,; hN, =1}
w ={t,=zn;n=0,1..,N;zN, =T}
W =W x W’

CumBonom V. 0003HaYMM 3HAY€HHE CETOYHOH (YHKIMU B y3IE C
KOOpI[I/IHaTaMI/I(Xm,tn). bynem momeuath Bce MEPEMEHHBIE, OTHOCSIIUECS K

(n +1)-0My BPEMEHHOMY CJIOI0, «TaJOYKOi» CBepXy, Hampumep V uiu U, a K

N-omy 06e3 «ramoukw». Takum 00pa3oM, pPa3HOCTHBIN aHAJOr MPOU3BOIHOM

U, (Xm ,tn) OyJeT UMEThb BUJI:

(3Ha4yoK V, SABJIAETCA CHMBOJIOM, 4 HE «HACTOAIICH» IPOU3BOAHOM OT V,

MOCKOJIbKY Y ceTouyHou (yHkmuu V — Habopa uucen - HE CYIIECTBYET
MPOU3BOIHOM. )

PasHocTHBIN aHaI0T BTOPOM MPOU3BOIHOM OYIeT:

AV = E Viir — Vi . Vion = Vi | Vi — 2Vm + Vi

h h h h?

[Ipu cocTaBneHUU pa3HOCTHOTO aHaJOTa ypaBHEHHsS 3amaud (1) Mbl

MokeM Opatb AV Ha N-oM clloe MO BpEMEHH, a MOXKEM Ha (n +1)—0M. B

IIEPBOM CIIy4ae MOJIy4aeM TaK Ha3bIBAEMYIO SIBHYIO PA3HOCTHYIO CXEMY

Vin —Vi Vi — 2Vm Vi n
c e @




Ecnu BTOpYIO0 MPOU3BOAHOIO BBIUUCIATH MO 3HAYEHUSIM V Ha (n +1) -OM

CJI0C, TO IMOJYYUM HCABHYIO PA3HOCTHYIO CXEMY!

Vi —V Vit — 2Vm + V- 0
m — + f
- h2 m (3)

T

[IlaGioHOM Ha3bIBa€TCA COBOKYIMHOCTH Y3JIOB CETKH, 3HaueHus V B

KOTOPBIX TPUCYTCTBYIOT B PA3HOCTHOM YPaBHEHHH.

la6mon SIBHOM
Pa3HOCTHOU CXEMBI — n+l
n3o0paxkeH Ha pwuc.l, a
m1a0JOH HESBHON CXEMBI n | n
IIOKa3aH Ha puc.2. m-1 m m+l m‘-l m mt
Puc.1 Puc.2

MOXHO TaKkXke paccMaTpuBarb CXEMy C BCCaMHU. Omna BBITJIAANT

CITETYIONTHM 06pa3oM:
7=V, —(GA\7+(1—G)AV) =f (4)

rI€ O - HEKOTOPOE YMCIO OT HyJs A0 eauHuisl. B cimywae, xorma o =0,
pa3HOCTHasi cxema siBjisieTcsl siBHOW. Ecium monoxuth o =1, To cxema 4ucTo

HesBHas. B cimywae, korma o =0.5, pasHOCTHbII omepaTop HMeeT BHJ
05__ § __§n

L=V, —0.5(AV+AV)— f'. Ilpu 9TOM pa3HOCTHYIO CXEMy Ha3bIBAIOT

CUMMETPUYHOU.

B kypce auddepeHnmanbHbIX ypaBHEHUN ObUIO OKa3aHO, YTO TOYHOCTh

anMnpoKCHUMalM¥ IPOM3BOJHOM U, Pa3HOCTHBIM aHajaoroM V, umeer 1-bii
HOPSAAO0K TOYHOCTH, a alNPOKCHUMAIUY IPOU3BOJHON U,, BeIUunHOW AV mmeert

2-o1i mopsimoK ToyHOCTH. OTCr0/Ia TOYHOCTh AaNMpOKCUMAIMM I SIBHOM W

. 2 . .
YUCTO HESIBHOW CXEMBI Q(T-I—h ) B cnydae cuMmeTpudyHON pasHOCTHOM

2 | K2
CXEMBbI TOYHOCTD alMpOKCUMAILNH paBHA Q(T +h )



Yemoiiuueocmo pewuenua 3a0auu mennonpoeoonocmu na OecKkoHeuHoU
nPAMOIL.
PaccmoTpum BOIIpOC yCTOMYHMBOCTH SIBHOM Y HESIBHOM PA3HOCTHOM CXEMBI

JUTS 3a/1a4H TETJIONPOBOJHOCTH Ha OECKOHEYHOM MPSMOil.

Heobxooumvle ycnosus. Cnekmpanvhulil Memoo.
HeoOxoaumbie ycioBust yCTOMYMBOCTH MOTYT OBITh HAlACHBI C TTOMOIIIBIO
cnexkTpanbHoro merona Helimana. PaccMOTpUM SIBHYHO CXeMy C HadaJIbHBIMU

YCIOBHUAMHU B BUAC I'APMOHHUKH HeKOTOPOﬁ HYaCTOThI:

Vm,n+1 _Vm,n _ Vm+1,n - 2Vm,n +Vm—1,n
- 2
‘ iom h (5)
Vm,O =€
Bynem uckaTh pelllenue SToif 3amaunm B Buge V. =A"€“", rne A

HEKOTOpPOE YHUCIIO, (3aBUCSIIEE OT BbIOOpa @) MOJJIEXkKallee OINPEeeTICHUIO.

HeobxoaumbIM yCIOBHEM YCTOMYMBOCTU OYyNET SIBASTHCA TO, YTO |/1| <1 s

JOOBIX @. DJTO YyCJIOBUE TpeOyeTcsi, 4YTOObl pEIICHHE CO BPEMEHEM HE

HapacTajao 1Mo MOAYJIIO.

IMosctaBus Gynkmmio V, = A"e"“" B Buje B ypaBHeHHe (5) M COKpaTHB

Ha A"e'", nosy4um paBeHCTBO:

A-1 e“-2+e™

. Orcroga, mocne MpoCThIX MPeoOpa3OBaHUM, MOIYyUUM:

2
T h
dr . ,
A zl—FSIn E HeoOxomumoe yciaoBue |/1| <1 BBINIOJIHAETCA VIS JTIOOBIX @
2T . 5 5
npu — <1. CrnenoBartensHO, 11 YCTOHYMBOCTH SIBHOH Pa3HOCTHOH CXEMBI

HEOOXOJMMO BBIIIOJIHEHUE OINPEIEIIEHHOIO0 YCJIOBHMSI Ha COOTHOLIEHHE IIAaroB:
2
7 < — . Takas yCTOWYMBOCTb Ha3bIBACTCsl YCIOBHOM.

10



Tenepp pacCMOTPUM YHMCTO HESBHYIO PAa3HOCTHYIO CXEMY JIsI TOW Ke

3aJa4n:

2Vm,n+1

T h2 (6)

+V

mntl~ Ymn _ VYmslna m—-1,n+1

[oxcraBuB ¢ynkumo V. =A"€“" B ypaBHEHHE OTOIl 3aJaud, U

n+1 iwm .
COKpaTHB Ha A €', MOJy4rM PAaBCHCTBO:

1
2 e-2+e™ 1
A _ 2 . Orcroma A = . p <1, T.K. 3HaMeHATEIh
T -2
1+—sIin°—
h? 2

1—

Bcerga He MeHblie 1. Takum 00pa3om, 1Sl IBHOM CXEMbl HEOOXOAMMOE YCIOBHE
YCTOMYMBOCTU BBINOJHEHO MpHU JOOOM COOTHOIIEHHMH maroB. Takas cxema

Ha3bIBaeTCs a0COIOTHO YCTOﬁqHBOﬁ.

Llocmamounvie ycnogus ycmoudugocmu.
[TomyuyuM pOCTaTOYHBIE YCIOBHUS YCTOWYMBOCTH SIBHOM Pa3HOCTHOM

cxeMsbl. [lycTs MBI pemiaem 3a1aay

U —Uy=f(xt) —oo<x<oo, 0<t<T
u(x,0)=o(x)
JIns yCTOMYMBOCTH SIBHOM CXEMBI JJOCTATOYHO, YTOOBI PEIICHUE 3a/1auu

vV Vion  Vinian 2Vm,n Vin-1n
= + &
h® o

mn+l

T
Vm,O = 77m

(7)

YIOBJIETBOPSIIO OIIEHKE HVhH =M HEhH+ N Hith [Mepenmmiem ypaBuenue (7) B

BUJIE:

11



T 2T T

Vm,n+1 = vaﬂ,n + (1_ Fjvm,n + va—l,n + [Zor

2
[Ipu ycnoBuu 7 < > CIpaBeJIiBa OlLICHKA:

T

h?

+r‘gm,n <

‘v

m,n+1

1 27 T
Vm+1,n + _F Vm,n +va—l,n

T 27 T

< Gl [1- 25 Jwbs bl lell< o+ ol

rjae || Vn”:max‘vm,n‘. Otcrona ||Vn+1||S||Vn||+z'||g||. [Io uHRyKIMH HMeeM:
m

Vi | <[l 2nle]

IMockomsky 7 =T /N,, rre N, uucno pa3ouenuii orpeska (0,T) cerkoii,

TO rn||g||£T||g||. Cre1oBaTeIbHO ||V||S||77||+T||€, 9TO  O3HAYacT

YCTOﬁqHBOCTB CXCMBEI.

2
Hrak, ycnopue 7 < — SBJIsSETCS KaK HEOOXOJIMMBIM, TaK U IOCTATOYHBIM

YCJIOBUEM YCTOMYHUBOCTHU IBHOW CXEMBI.

2 .
3aMeTHM, 4YTO B Cilydae ypaBHeHHs U, =a“U, YyCIIOBHE YCTOWYMBOCTH

2
SIBHOM Pa3HOCTHOM cXeMbl OyJeT 7 < 2ol
a

OOpatumcs K cirydaro HesBHOM pa3HOCTHOM cxeMbl. PaccmoTpuM 3amauy

m,n+1 _Vm,n _ Vm+1,n+1 - 2Vm,n+1 + Vm—l,n+1 e

m,n

T h? (8)
Vino =

v

Ilepenuiem ypaBHEHUE 3TOM 3a]a4U B BUJIE:

12



r
Vm,n+1 = Vm,n + F(Vmﬂ,nﬂ - 2Vm,n+1 + Vm—l,n+1) + Z-‘g‘m,n

ITycte Ha (n+1)-oM BpEeMEHHOM CJIO€ MAaKCHMAalbHOE 3HAY€HUE V. .

JOCTUTaeTCsl IPU HEKOTopoM M =m,. Torxa (Vm0+1 e 2VmO a1 T Vi1 n+1) <0.

Nmeewm:

T

< Vmo,n+1 = Vmo,n + F(Vmoﬂ,nﬂ - 2Vmo,n+1 + Vmo—l,n+1) + Z-‘c"mo,n <

Vv

m,n+1

+78, < ||Vn|| + z'||£||

my,n Mg,

AHaJOrM4YHO JOKa3bIBaeTCs, 4T0 V. 4 2—||Vn||—2'||8||. CnenoBaTensHo,

, 4dTO O0O3Ha4acT

<[Vl +zlel. Oreiona|vi|<[m]+T e

||Vn+1|| = max‘vm,ml
m
0€3yCI0BHYIO YCTOMYMBOCTh HESIBHOW CXEMBI.

I/ITaK, HCABHAA CXEMa HMMCCT IIPCUMYIICCTBO IICPCO SIBHOM B IIJIaHE
2
YCTOﬁqHBOCTH. OrpaHquHHe Ha HIIarun CCTKHU TS—Z MOJKET OBITH BeChMa
a
YYBCTBUTCIIbHBIM IIPHU PaCdCTC 0OJIBIINX 3aaa4, TAC YUCII0O TOYCK IO X BCIIUKO,
COOTBETCTBEHHO h MaJio, U HGO6XOI[I/IMOCTI) IIPOBOJAUTH PpAaCUYCT C OYCHb MCIIKUM

maroM 7 TpedyeT OOJIbIIKX 3aTpaT BPEMEHH cueTa.

C npyroil CTOpOHBI SIBHasg CXeMa MUMEET MPEUMYIIECTBO C TOUYKHU 3PEHUS
IPOCTOTHI AJITOPUTMA BbIYMCIICHUN. ECiIM HaM W3BECTHBI 3HAYEHUSI CETOYHOU
GYHKIIMKM Ha N-oM cjoe 1o BpeMeHu (Hampumep, nmpu N =0 u3 HavaaIbHBIX
yciaoBuii), To pemienne Ha (N+1)-oM HaXOAWTCS HEMOCPEACTBEHHO U3
ypaBHeHus (2). g HEsABHOM cCX€Mbl, 3Has 3HA4YE€HHs V Ha N-OM CJIO€ MBI
JOJDKHBI  peliaTh CUCTEMYy aireOpanyeckux ypaBHeHUM (3) pa3MepHOCTH

(N, —1) mms onpemenenmss V Ha (N+1)-om cmoe. Takas 3amada TpeOyer

nopsiKa Q(NXS) oreparuid, 4TO MOXET OBbITh OYECHb OOJIBIIUM YHCIIOM.
[ToaToMy, mis uducimeHHoro pemeHus 3amadu (1) mo HesBHOW cxeme ObuT
pazpaboran METO/I MPOTOHKH, VCTIOJIB3 YOI CIIeAATbHBIN
TpeXJAMaroHaJIbHBIA BHUJI MaTPHUIIBI CHUCTEMBI aJNreOpanvyecKux YypaBHEHUH,

13



HOJTy4aeMblil JUTs orpesienicHus cetouHoi GyHkimu Ha (N+1) - oM cioe. Yuciio

onepaunﬁ, HUCIIOJB3YCMbBIX IIpW IMPHUMCHCHHUM MCTOAA IIPOIOHKH, IIOpPsAJdKa

O(N,).

§3. MeToa nporoHku AJisl pemieHns 3a1a4M TEIUIONPOBOAHOCTH HA
oTpe3Ke.
Bepuemcst k 3amaue (1) §2. byaem ee uuciaeHHO peliaTh, HUCMOIb3YS

CXCMY C BCCaMHU, YaCTHBIM CJIy4acM KOTOpOﬁ SIBJISICTCS HEesiBHAs cxeMa. MmeeM:

V, — (O‘A\7 +(1- G)AV) =f.
Vm,O = ¢m
<
VO,n = :u;
VNX,n = /ur?

[lepenuiem ypaBHEHME ATOM PA3HOCTHOM 33/1a4U B BUJE:

oT _ v +(1—O‘)T

oT .
vaﬂ ~Vm hz

~ o7 |-
——V_ .+ 1+2F VA

3 [vm_l —2v_+ vm+1] +rf

[Ipu aToM nHaEKCe M npoberaet 3HaueHus ot 1 10 Ny-1. O603HaUMM:

1_
Af%, Bm=(1+2%j, cm:%, Fm:vm+(h—f)r[vm_1—2vm+vm+l]+rfm

Torna OIIPpCACIICHHUC V CBOIMTCSA K PCIICHUIO 3aa4n:

AV ,—-BY +CV . =-F  (m=1..N_ -1

Vo=t ,Vy, =4

Ota anre6pqueCI<aﬂ CUCTCMa ABJEICTCA YAaCTHBIM ClIydacM 3aJdayd,

pemaeMoﬁ MCTOJAOM IIPOTOHKH, K U3JIOKCHUIO KOTOPOTI'O MBI U IICPCXOAUM.

14



MeToa MpOroHKH MPHUMEHSETCA K PEIICHHI0 CHCTEMbI ajlre0pandecKux

YpaBHECHUU

AY..-B,Y,+C.V..,=F, (m=1..,N-1)
Yo=Y+ B, Yy =%Yvat S (1)

rae ubo B, > A +C., 0<a,<1,m60 B, >A +C ,0<¢, <l

Jnsa pemenus (1) monoxum, 4To 3HAUEHUS MCKOMOW (PYHKIMU B JIBYX

JOOBIX COCETHUX TOYKAX CBSI3aHBI JIMHCWHBIM COOTHOIIICHUEM, & UMEHHO:
Y = dm+1 Y T Ona (2)
rae d. u o, Ha3BIBAIOTCS MPOrOHOYHBIMU KOY(POHUIIHCHTAMH.
CnBunyB B (2) MHACKC Ha CAUHUILY, HMEEM:
Y1 =0n Y + 0, 3)
[ToncraBnsis (3) B YpaBHEHHE (1) UCKJIIOYaeM Y, ,:
Ay (0 +07) =B Y+ Co Y = Fy-
Orcrona (A, dy, =B, )Y =—Cp¥ma + Ky = A0y

Hcnone3ys (2), uckioyaeM Y,

ym+1[(Andm - Bm)dm+1 _Cm] - |:m - Andm _Gm+1(Andm - Bm) .

Jns Toro, 4roObI 3TO COOTHOIIEHHE OBUIO BEPHO AN JIOOBIX Y, .,

HY’KHO, YTOOBI BBIp@KEHUE B KBAJIPATHBIX CKOOKAX U MpaBas 4acTb ObUIO PaBHBI
Hymo. IlpupaBHUBas MX HYJII0, MOJy4aeM pPEKyppeHTHbIE (HOPMYIbl IS

OTIPEJICIICHHS IPOTOHOYHBIX KOI(P(UIIUESHTOB:

15



Cm
dm+l = Bm _ Andm
_ I:m _Anam (4)
m-+1 Andm _Bm

O,

CpaBHuBas rpanu4Hoe yciosue 3agaun (1) y, =y, + B, ¢ (2), kotopoe

npu M=0 nmeer Bux Y, =d, -y, + oy, Haxomum: d, =, o, =f.

I/ICHOJ'II)By}I OTH 3HAYCHMUA dl n O,, COBECpIIACM IIPOTOHKY B HAIIPABJIICHUH

BO3pacTaHUsi MHJEKCa, IMOCIEA0BaTEeNIbHO ompenenss u3 (4) 3HayeHUsd

ko3¢ duumenroB d_u o, mm m=1..., N.

Ha IIpaBOM KOHIC MMECM ABa COOTHOIICHHSA, CBA3SBIBAIOIIHNC nyl u yN .

O10 Yy 4, = dN Yy TOy B Yy =Yyt [, - VI3 3TUX ypaBHEHU HaX0JUM

a0t [

= 1-a,d, ()

IIpn 0, =, n ycioBusX, HaJIOXKEHHBIX NPY MOCTaHOBKe 3axa4n (1) Ha
A,.B,.C, o, m (4) nomysaem, uro Bce d <1 g m=2,..,N.
VuuteiBasg, uto &, <1, mnomyuaem 3HameHatelb B (5) MOJOXKUTEIBHBIM.

CnenoBarenbHO, 3HAYCHHUE Y, OIPEIENEHO.

Hcnone3ys HaliieHHOE 3HayeHHEM Y, , AelJaeM OOpaTHylO IPOTOHKY B
CTOPOHY YMEHBIIIAIOUIUXCS 3HAYEHN UHAEKCA, MIOCIEI0BATEIIBHO ONPENEAsa U3
(4) snauenus Y. Yucio omnepanuii npu NoUCKe pemieHus 3agadn (1)

MPONOPLUOHAIIBHO YUCITY Y3JIOB B CJIOE.

§4. KoHcepBaTuBHBIE PA3HOCTHBIE CXEMBI.
IIpu cocTaBiieHHMH Pa3HOCTHBIX CXEM JUIsl YPABHEHUM C NEPEMEHHBIMU
kod(durnmeHTamu, KpoMe TOYHOCTH ANMPOKCUMAIIUN M YCTOWYUBOCTU CXEMBI,

Ba)KHO YTOOBI I YUCJIICHHOI'O PCIICHHA BBIIIOJHAINCH 3aKOHBI COXPAaHCHUI,
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npucymue audepeHunanbHOl  3agade.  Takue  CXeMbl  Ha3bIBAIOTCS
KOHCEpPBAaTUBHBIMH. [Ipu HapylieHMH KOHCEPBATHMBHOCTH MOXKEM IIOJYYUTh

OIINO0YHOE peuICHuc.

Ilpumep nexoncepeamuenoil cxemol.
Paccmotpum  mpocteiimmii  mpumep - 3aadyy  CTAIl[MOHAPHOTO
pacmpeiesieHdss Telja Ha OTpe3Ke, NpPH YCIOBUHU, YTO KOIDPUIMEHT

TeronpoBoaHoctd K(X) - ecTh paspbiBHas GYHKIHS, 8 UMEHHO:

(1)

rae
() 1, npu 0<Zx< 5
(x)= )
3, npu H<Xx< 1
HemnpepoiBabiM pemenneM 3amaun (1), (2) siBiusieTcs KyCOYHO-JTUHEHHAs
byHKIUSA
1- 3 X, npu 0<x< 1
_ 2 2
u(x)= . 3)

%(1—x), npu §<x<1

VYpaBuenue 3anauu (1) MOXKHO TiepenucaTh B CJICIYIOIIEM BU/IE:

k(x)azgx(zx) .\ 8ka(xx) auag(x) 0 "

CocrtaBuM pazHOCTHYIO cxeMy st (4). s aToro BeiOepeM Ha OTpe3Ke

[0,1] paBHOMEpHYIO CeTKy, COCTOAIIyI0O W3 4ETHOro KomudecTBa Todek N .

Torma Touka X =1/2 He coBmagaer ¢ ToukaMu pa3OMEHHs CETKH Xm - [TooToMy

17



ok

sHadeHnst koddduuumenta K(Xy) # pasHOCTHBIA aHANOr MPOW3BOAHOM x
X

onpezenensl. O603Ha4nUM OJIMKAMIIYI0 TOUKY pa3Ouenus ciesa or X =1/2, kak
Xp. OueBumro N=N/2. Touka Xy,q Oyaer ToUKoi pasoueHwms, OivKaiimeit

cpaBa k X =1/2.

Bri6epem pa3HOCTHYIO cXeMy C almpoKcuMalend ypaBHeHus (4) nopsijaka

O(hz):

k Vi — 2Vm + Vi + km+1 — km—l Viir = Vima -0
" h? 2h 2h

HepenﬂmeM IMOCJICAHCC YPABHCHHUC B BUJC!

1 1 1 1
(Z km—l + km _kaﬂ)vm—l + (_ka )Vm + (_ka—l + km + kaﬂjvmﬂ =0

()

Bynem uckaTe 4HClieHHOE pelleHHe ypaBHEHHS (5) B BHUAE KyCOYHO-
JUHENHON QyHKIUU:

1-ax,, npu O<xm<%
V(X,)= . (6)
b(l—Xm), npu E<xm<1

[To ¢usmyeckoMy CMBICIy pElICHHE MOHKHO OBITh HEMPEPHIBHBIM, T.€.

limv, =1-a/2=1Iimv,,, =b(1-1/2)
h—0 )

o n+1 Otcrona

a+b=2 (7)

Paccmotpum ypaBaenue (5) mig m=n u m=n+1. Mcnonb3ys paBeHCTBa

Vn—1 =V +ah u V42 =Vpy1 —bh |, cienyromme u3 (6), momyuaem:
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%(vn +ah)-2v, +§vn+1 =0
5

n+1

_6v +;( v,,~bh)=0

[IpuBoAst NOJOOHBIE ClIaraeMble, HMEEM:

v, —3v,+ah=0 . 21
5v, , —5v, +7bh =0 Orcioma: = g

C yaeroMm opmyisl (7) HaxoauM KOIPHUITAESHTHI

a=§ I/Ib=i (8)
13 13

CrentoBatenbo, V) o= Lm Vo, = E(l— 0.5)= 6 # i u(0.5).

Takum  oOpazoM, penieHuE
u (X) nuddepeHnranbHOl  3a7a4H,
BBIpKaeMOe dbopmyoi (3),

OTIIMYACTCA OT YHMCJICHHOI'O PCIICHHA

( )_Ilmv ( ) [MpuumHoOi
h—0
1/4
PaCXOXKIECHHS YUCJIEHHOTO u

5126
AHAJINTHYCCKOI'O peHIGHI/Iﬁ ABJIACTCA

WCIIOJIb30BaHUE  HEKOHCEPBATUBHOU 0 0.2 04 05 06 0.8 1
Pa3HOCTHOM CXEMBI, T.€. CXEMBI, KOTOpasi HE OTPAKAET 3aKOHBbI COXpPAHEHMS. A
UMeHHO, B aAuddepeHImanbHON 3a7auye MMEeT MECTO 3aKOH COXpaHEHUs
u .
teruioBoro motoka W = —k(X)& =const. Ilpu cocraBieHHH pPa3HOCTHOM
CXEeMbl Mbl HE OOpaTHJId Ha 3TO BHUMaHue. Cxema MOCTPOeHA TakK, YTO B TOUKE
X=1/2 wumeer MecTo paspblB Pa3sHOCTHOIO aHajoOra IOTOKA TEIIa
W, =-k Ym+1 = Vm 13 (6) u (8) caenyer, uto Wy, =a=21/13 mnpu
m m h . ) m
X<1/2 u Wy, =3b=15/13 pu x>1/2.
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Memoo dananca npu cocmaenenuu pazHOCHIHBIX CXeM 0J151 YPAGHEHUS
menionpoeooOHOCHU.

[Tpoummoctpupyem Metoj OanaHca (MM HUHTETPO-UHTEPIOJSIIIUOHHBIN

METO/1) Ha IPUMEPE PELICHHS YPABHEHHUS

ou 0 ou
E:&(k(x)&j+ f(x,1) (9)

B ciydae, korma K u f sBisrorcs GHICTPOMEHSIOIMMKCS WM Pa3pHIBHBIMU B
HEKOTOPBIX TOYKAX (PYHKIUSAMH.
Kak u panplie 3Ha4eHHs] CETOYHON (DYHKIIMHM Ha S-OM BPEMEHHOM CIIO€ B

y3/ax CeTKu Xy Oymem 00o03Hauath, Kak Vi, a Ha (S+1)-om cioe, kak V.
Kpome TOTO BBEJEM IIPOMEKYTOUHBIC TOYKHU
2

Xm+0.5 =N+ Xm_o05 = h(m + 0.5) U OyleM Da3HOCTHBIE aHAJIOTH IIOTOKA

TCILJIa Wm+0_5 pacCMaTpuUBATh B 9THX TOYKAX .

Hanumem ypaBHeHue OajaHca TeIla Ha OTPE3Ke [Xm—0.5; Xm +0_5].

0 W
ITorok terutra W pasen: W :—k—u. WHTerpupys paBeHCTBO Z—u :—? Ha
X X
OTPE3KE [Xm—l; Xm ], AMeEEM:
X, W
Um-1—Um = _[ ?dx (10)
X1
oW ou
VpaBuenue (9) MOXKHO IIPENCTABUTE B BHJE: v = f(X,t)—E.
X

HNuTerpupys nocineaHee BeIpaXEHNUE, MOJIy4aeM:

Xm+0.5 au
W05 —Wm_o5= j f X dx (11)

Xm-0.5
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ou
OyHKIMU E n W HenpepplBHBI U MaJI0 HM3MEHSIOTCA Ha MaJloM

HHTCPBAJIC [Xm_l; Xm]. HO3TOMy, L ITOJIYUYCHUA HpI/I6JII/I)KeHHI>IX 3HAYCHUH

ou

MHTETPAJIOB, E n W moxkem BbiHOCUTH M3 moj uHTerpaioB (10) u (11) B

CpGI[HCﬁ TOYKC YHaCTKa UHTCTPHUPOBAHUAI. HonyqaeM alIIIpoOKCUMaIumn:

X Xm+0.5
Vil —Vm ~ T W e ~—h fd
i = Wpyas | 2, Wpsos W0 = 4 | rox
m Xm-0.5
Hcmonb3yst 3T COOTHOIIEHHUSI, IojlaraeM
Vm+l —Vm
Winso5 = —8@ni05° h , e m+05 = it g
X
k
Xm
A Xm+0.5
Wm+0.5 _Wm—0.5 _ _Vm ~Vim F —= fd
= + Ky rie m= X
h T ’ h
Xm-0.5

Nckirouast u3 moyy4eHHbIX cooTHOIeHU W, IpuxoauM K pa3HOCTHOMY

YpaBHEHUIO:

%n—Vm 1 Qm+1—om Vm —Vm-1
— 5 am+05—__TT__‘_am—QS‘__TT__"+Fm (12)
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Kosddunuentsr a,,, g5 U Fy, BBUUCIAIOTCS MO 33JaHHBIM B ypaBHEHHU
(1) ¢oynxkmuam k(u) u f(x,t). B cmyuae, korma K u f wuenpepbiBHbI,
BBIUMCIICHHE WHTETPAOB, ONPENETAINX ay,,.05 U Fy MOXHO 3aMEHHTbH
Pa3HOCTHOM anmpokcuMaren. Hampumep,

Xm+1 Xm+1
lf o 1 if dx 1 1+1J
h x k(X) km_0_5 h y k(X) 2 km+1 km

Cxema (12) sBnsieTcss KOHCEpPBAaTUBHOM, MOCKOJIBKY IPU €€ HalMCaHUU
YUYUTBHIBATUCh 3akoHBI coxpaHeHus (10) m (11) mns xaxmol saeMeHTapHOU

suerku pa3HoCcTHOU ceTku. Cxema (12) HesiBHas, clieoBaTeIbHO abCOIIOTHO

YCTONYMBAs M HUMEET MOPSIOK ammpokcumanuu O (z‘ + h2 )

Koncepeamuenaa paznocmnuasn cxema onsa peuwienus 3aoauu (1), (2).
Bepnemcsa k paccmoTrpeHHoMy Bbilie npumepy. B cooTBerctBue c (12),
KOHCEpBaTUBHAs pa3HOCTHas cxeMa il ypaBHeHus (1) mpu yciaoBuu (2) Oyner

HUMCTb BUA:

am+0.5 (Vm+1 ~Vm ) —8m-0.5 (Vm - Vm—l) =0 1pe

k1 =1, m<n:ﬂ

2

am_05=<&=§, m=n+1
' k1+k2 2

ko =3, m>n+1

[To-npexxnemy uiem Vy, pewmenue B dopme (6). s m=n u m=n+1

IIOJTy4aeM:
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o3
m=n+1: E(Un ~Un41)=3(Uns1—Uns2)
C yuyetom (6) moiaydaem CUCTEMY:

3 h
h=— b)—
a 2(a+ )2

3(a+b)N - abh
2 2

"

Pemas qaHHyro cucreMy, Haxoaum, yro a = 3D.

Orcrona, ¢ yaerom (7) maxomum: a=3/2 u b =1/2. Cnenosarensho,

1 1
Vixos = LI—T) V= E(l_ 0.5) = 2 =u (0.5). YucieHHoe pelICHHE COBIAIAcT C

TOYHBIM pElIeHHEM U] PepeHIInaNIbHON 3a/1a4u BO BCEX Y3JIaX CETKHU.

§5.9x0HOMMYHBbIEC PA3HOCTHBIE CXEMBI.

DKOHOMUYHON Pa3HOCTHOM CXEMOW Ha3bIBAETCS CXEMa, KOTopas, BO-
MIEPBBIX, ABJISIETCSA O€3YCIOBHO YCTOMYMBOM; BO-BTOPBIX, TPeOYET MpU pacueTax
YUCJIO Omepanuii, NpONOPLHOHATIBLHOTO 4YHUCIYy Y3J0B ceTku. Co3gaHue u
WCIIOJB30BaHUE TaKUX CXEM BaXXHO B MHOTOMEPHBIX 3ajlauax, TPEOYIOIINX

OOJIBIIIOr0 00BEMA BHIYMCIICHUM.

B ocHOBe mNOCTpOEHHMS KOHOMHUYHBIX PAa3HOCTHBIX CXEM JICKHUT HAES
CBEJICHHS] MHOTOMEPHOM 3a/laud K LIENOYKe OAHOMEPHBIX. OIHOW U3 MEPBBIX
SKOHOMHYHBIX CXEM SIBIISIETCSI MOCTpOeHHast B 1955 roay cxema mepeMeHHBIX

HaIpaBJIeHUH (MPOJI0IBHO-TIONEPEYHAS] CXEMA).

Cxema nepemeHHbIX HANPAGICH UL

PaccMoTpum HayanbHO-KpPaAeBYIO 3aauy:
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(ou o &
a:yU'f‘—ZUﬁ‘f(X,y,t)

u(x,y,0)=u,(xy)

u(x,y,t)=p(xy.t),{x,y}erl
\OSXSIX;Og ysly;OStsT

1)

BBeneMm TpexMepHYIO CETKY: IO JBYM IPOCTPAHCTBEHHBIM KOOPAMHATAM
Y 110 BPEMEHH.

X, =hm; m=0,L..,N; hN_ =1l

X

yn:hyn ; nzo’l,_“’N ; hyNy:Iy

y

t, =7s; s=0,1..,N,; 7N, =T

KpOMG TOrOo, BBCIACM IMPOMCIKYTOYHBIC cliou I10 BPCMCHMU:

t.,, =7(s+1/2) . 3naueHus cerouyHoil QyHKIHM HA S-TOM BPEMEHHOM CIJIOC

obo3HayaeM Kak Vm n; Ha (S+1)-om cioe xak Vm,n; Ha cioe (S+1/2) xak
0.5
Vm,n.

3amenuMm  auddepeHunanbHble  ONMEepaTopbl  KOHEYHO-PAa3HOCTHBIMU
aHaJIOraMu.

2 2
AU=——U+—U—>AV+AV,
aXZ 2 X y
\Y/ —2V__+V \Y; -2V +V
__ 'm+ln m,n m-1,n _ 'm,n+l m,n m,n-1
rie A\V= o , Ayv_ -
X y

B cxemMe mnepeMeHHBIX HaNpaBIICHUM IMEPEXOJ CO CJOs Ha CIIOU

OCYUIECTBJISIETCS B 2 111ara, UCIOJb3Ysl IPOMEKYTOUHBIHN (IpOOHBIN) CIIOMH.
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05
Y Y A VEAVS 4 f
7/2 ” y
o \05 R (2)
%=AXV+AYVO'5+ f
T

ITepBoe ypaBHEeHHE B cucTeME (2) SIBISIETCA SIBHBIM I10 HAMPABICHUIO X, U

HESBHBIM — IO HAIIPaBJIEHUIO Y, a BTOpPOE ypaBHEHHE — Ha0OopoT. [loaTomy,

KaXXJI0€ YpPaBHEHHUE B OTICIBHOCTU MOXKET OBITh PEIIEHO METOJOM IPOroHKHU. B
TOM ClIy4ae CYEeT IO CXEME IMEPEMEHHBIX HalpaBieHUl TpeOyeT dvucia

apru(PMETHIECKUX OTEpaIii, MPOMOPIIMOHAIGHOTO YHCITY Y3J0B CETKH, T.C.
Q(NXNyNt), U Ha KaXIblli y3eJd CETKH MPHUXOJUTCS YHCIO Omeparuii, He

34aBUCAIICC OT YHCIA Y3J0B. Cxema wuMeeT TOYHOCTH alIIIpOKCUMaAINn

Q(rz +h? +hy2).

Hcnonb3yst CrieKTpalibHBII METOJ, UCCIIEyeM YCTOMYMBOCTh CXEMHI (2).

PaccmoTpum mepexon ¢ S-To Ha (S+1)-if BpeMeHHBIN CIIOi MIs OJHOPOIHBIX

ypasuenuii (f =0). Ilycrs Vm,n:elamﬂﬁ " Mmem pewenue na cioe

(s+1/2), xak Vr%’Sn =A1Vm.n» @ Ha (s+1)-om Kak \7m,n zlzv%?n =A241Vm n-
[ToxcTaBiisis pelieHNe B TAaKOM BHJE B ypaBHEHHs (2), COKpallas IIepBoe U3 HHUX

V0.5 ,
Ha Vm, n»> @ BTOPOC Ha Vy 1y, MOJTy4acM:

(2,-1 e*—2+4+e™ el _24e
= +
7/2 h? A h,?

y
H-1_, e“-2+e" e’ -2+e"

+
| 7/2 2 h,? h 2

Orcrona
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1-2-"sin? < 1—2723|n2ﬁ
=X m p=
1+2 = sin® 2 1+2-Zsin? %
hz 2 h2 2
y X

Kak J1erko mpoBepuTh, KaKIO€ U3 YHCEN ‘ﬂ,l‘ u ‘22‘ 0 OTJEIBHOCTH,

P HEKOTOPBHIX 3HAYCHUSIX YacTOT « W [}, W BbIOOpPE HEKOTOPOTO

COOTHOIIIEHHS IIaroB 7, hX, hy MOXeT ObITh Oousibiie 1. B TO ke Bpewms,

NPEACTABIISS IPOM3BEACHUS A1 - Ao B BHIE

1_2Lsin2g 1—213"12&

h)% 2 h)z, 2
AAg =

1+2%sinzg 1+2723in2ﬂ

hy 2 hy 2

TI0JTy4aeM, YTO BCET/Ia BBITIOJIHEHO ‘21/12‘ <1. Cxema 6e3yCI0BHO yCTOWYHBA.

Mpb1 mpoBepuSIM, YTO TIPH JHOOOM COOTHOIIEHHH MIArOB BBITIOJHEHO
HEOOXOAMMOE YyCIOBUME YCTOMYMBOCTH. Ha jgoka3zarenscTBe TOro, 4YTO

BBIIIOJIHECHO TAKIKC U JOCTATOYHOC YCIOBHEC, Mbl OCTAHABJIMBATbHCA HEC 6YI[€M.

Cxema mepeMEeHHBIX HAIPABICHUMN SIBJISIETCS 3KOHOMHUYHOW PAa3HOCTHOM
cxemoi. OJIHaKo, ee HeNb3s 0000LUTh Ha TPEXMEPHBIN cilydail. B TpexmepHoM
cllyyae cXema, IMOCTPOEHHasl M0 TOMY K€ NpUHLUMY, 4TO (2), OyzneT HesBHOM

TOJIBKO MO0 OJJHOMY HAIIPABJICHUIO U SBHOMU YK€ IO ABYM. B pe3ynbrare oHa He

OyZeT yCTONYHBOA.

./Iommr;uo—oduomepnaﬂ cxema.

Paccmotpum ypaBHeHue

a—u:Au+f
ot

(3)
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B Cllyyae TpeX IMPOCTPAHCTBEHHbIX MepeMeHHbIX. JluddepeHuanbHplit
orepatop AU W COOTBETCTBYIOIIMN €My pPa3HOCTHBIH omeparop AV MOXHO
IpPE/ICTABUTh B BHJEC CYMMbBI ONEPATOPOB, KaXKIbId M3 KOTOPBIX BKIIOYACT
IPOU3BOJHbBIC, WM, COOTBETCTBEHHO, pA3HOCTH JIMIIb 1O  OJHOM

MPOCTPAHCTBEHHOW MEPEMEHHOM:

3 52 3

Au=) — AV=ZAiV (i=123).
i=1 OXi i=1

I/II[CH J’IOK&HBHO'OI{HOMepHOI‘/’I CXEMbI BBIYHMCJICHHA 3aKIHOYaCcTCA B TOM,

9TO IEPEeXOf € S-ro Ha (S+1)-if BpeMEeHHbIH CIION IIPOU3BOAMUTCS B TPH JTala,

Ha KaKIOM M3 KOTOPBIX YUUTBIBACTCA JIMIIb OAUH U3 OIICPATOPOB AI . HYCTB V-

9TO 3HAYCHHE CETOYHOM (BYHKIMM Ha S-M BPEMEHHOM cioe, V - Ha (S+1)-om.

BBojuMm emie n1Ba MaccuBa MPOMEXYTOUHBIX 3HaueHUd V u V. J{ns ypaBHEHUS

(3) o1MH U3 BO3MOKHBIX BAPUAHTOB CXEMBbI OY/IET:

T
v-v =
=A,V
r 2 (4)
V—V:A3\A/
T

[Tonydyena cucrema pa3HOCTHBIX YPaBHEHUMH, KaxJ0€ M3 KOTOPBIX HE
annpoOKCUMUPYET HUCXOJHOEe Au(depeHIuaIbHOoe, HO MOXKET OBITh JErKo
pPEIIEHO METOJOM IMPOTOHKH BJOJIb COOTBETCTBYIOILETO  HaIpaBJICHUS.

Cymmupyst ypaBHeHus (4), monyqaem:

V-V

T

:A1\7+A2§+A3\A/+f
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MoxHO MOKa3aTh, YTO 3TO YpPAaBHEHUE YK€ ammpokcumMupyetr (4) c

2, 12, R2
TOYHOCTBIO Q(2'+ h, +hy +h; ) [OBOPAT, YTO HMEET MECTO CyMMapHas

anmpoKcUMaIusi — Pe3yJbTUPYIONIMI omepaTop IMOCIOHHOTO mepexoja

MOJIYYHJICS allMPOKCUMUPYIOITUM.

B cxeme (4) ypaBHeHMs IJii MPOCTOTHI COCTABJIEHBI M0 YHUCTO HESBHOM
cxeMe. [l TOBBIMIEHUS TOYHOCTH ANNPOKCHUMAIIMM  MOHO HCIOJIb30BaTh
cxeMy ¢ Becami, BbiOpaB o =0.5. B0o3MOKHBI TakXke JApPyrue CrocoObl yueTa
npaBoii uvactu f. Hampumep, BBemeHHE ee BO BCE YPaBHCHHS C BECOBBIMH
MHOXUTEISIMU, KOTOpPbIE MOJOUPAIOTCS U3 YCIOBUM HamIydllled CyMMapHOM
anmpoKkcuManuu (MUHUMHU3AIMK OIIMOKY allpoOKCUMAIlMU Ha CIEAYIOIIEM CII0€

110 BPEMEHH).

[IpuBeneHHas Bbille cxema sIBIIsIeTCA a0CONMIOTHO ycToHunBOM. [Ipumensis
IIPU BBIYUCIICHUSX B (4) METOJ MPOTOHKH MOJy4YaeM, YTO YHCIIO HEOOXOIUMBIX
omnepanuil MPONOPILUOHANIBHO YHUCIY Y3J0B CETKU. TeM cambIM JIOKAJIbHO-

OOAHOMCpHAasA CXEMa ABJISICTCA SKOHOMHUYHOM.

§6. UtepannonHble MeTOABI NIPU PelICHUN HeJIMHEHBIX YPABHEHUIA.

[Ipy w3y4eHUM  BBICOKOTEMIIEPATYPHBIX  MPOIECCOB  HEOOXOIUMO
YUYUTBIBATh 3aBUCUMOCTH KOA((PUITMEHTOB TEIJIOEMKOCTH U TETUIOMPOBOHOCTH
OT TemmepaTypbl. B pesynbrare, ms ONHUCAHUSA IPOLECCA PACIPOCTPAHEHUS
TEIUIa Mbl IIOJIy4aeM KBa3WJIMHEMHOE YPAaBHEHUE TEMIIOIPOBOAHOCTH:

k(u)a—u + f, roe c(u) u k(u)>0. DT0 ypaBHEHHE

OX

ou 0
o =

u
3aMEHON V = J c(u ) du cBoaMTCS K YpaBHEHHUIO
0

ou o ou
FRr A @

JInsd  KBa3WIMHEWHBIX yPABHEHUW  MCIIOJb30BAHUE  SIBHBIX  CXEM

Helesecooopa3Ho, eciau  (QyHKIus k(u) SBJISIETCS  OBICTPOMEHSIIOIIIEHCS
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(manpumep, creneHHoi). B 3TOM  ciaywae  yciioBHE€  yCTOMYMBOCTHU
h2

TS ———

2maxk(u)

TpeOyeT oueHb MenKoro mmara mo Bpemenu. (Kpome Toro, B

HEOJHOPOHOM cpene GyHKIMU K u C MOTyT 3aBHCETH OT MPOCTPAHCTBEHHBIX
NEPEMEHHBIX W OBITh pa3pbiBHbIMHU). [lo3TOMYy JKenaTenbHO TNPUMEHEHHE
HEABHBIX CXeM. B cCiydae HEIMHEHWHBIX YPAaBHEHUM I JTOTO IPUXOIUTCA

HCIIOJIBb30BATh UTCPALTMOHHBIC MCTO/IbI.

PaccmoTpum HesABHYIO cXeMy JUIs pElIEeHUs KBA3WJIMHEWHOTO YPaBHEHUS

TertonpoBoaHocTH (1):

e Lo (5) i) 6]

371ech V- 3TO 3HAYEHHE CETOYHOM (DYHKIIMM Ha S-M BPEMEHHOM cJioe, V -

na (s+1)-om, a & (v)=Kk Yia W

[lpuBeneHHass pa3HOCTHAs CXeMa SIBISICTCS HEIUHEWHOW, IMO3TOMY
HETOCPEICTBEHHOE UCIIOJIb30BAHUE METOJa MPOTOHKU HEBO3MOXKHO. [lJisi Toro,
9TOObI B 3TOW CUTYallMd MPHUMEHUTH MPOTOHKY HCIOJIB3YIOT HTEPAUOHHBIHN
meton. OH 3aKII0YaeTCst B TOM, YTO MEPeXoj ¢ S-ro Ha (S+1)-biif BpeMeHHOM
CIIOW COBEpIIIaeTCs MyTeM HECKOJIBKHUX MOBTOPCHHUN pacyera, MpH KaXIOM H3
KOTOPBIX 3HAYEHUs am(y) bukcupyrorcs («3aMOpPaKMBAIOTCSA»), HA OCHOBE

pe3yNbTaTOB IpeabIayiieit urepanuu. C moMoIbO TaKOTO MpUeMa MpH Kaxa0i

HUTCpall PA3HOCTHOC YPABHCHHUC CTAHOBUTHLCA JIMHCHUHBIM.

[©]

B kauecTBe HyJeBOro npuOmMMmkeHus V. Ha (S +1) -OM BPEMCHHOM CJIO€

oObIYHO OepyT V- 3HaueHHEe ceToYHoM ¢yHKIuM Ha S-M cioe. IlepBoe

NE

npuOImKkeHue V. ONpeessitoT, pelliast IMHEHHOe YpaBHEHUE:
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NE
_ N NE N EI BN £
M:h—lz am+1(V) V. ma—V m —am(V) V m—V ma +fm
T

K

[Tocnenyromue npubIuKeHuss V. HaXOHAT U3 YPAaBHEHUIA:

V m—v. 1 AL (A K] A[K] ML TN ALY

—m:F AV V ma—V m|—a,|V Vo om=V ma ||+ f,
.

k=23

Pemienue momyuuBHIErocs ypaBHEHUsS UIsl KaXAOW HUTEpAllUd HaXOHAT
METO/IOM MPOTOHKHU. Y CJIOBUEM OKOHYAHUS UTEPALMOHHOTO MPOLECCA CIYKUT
YCJIOBHE MAJIOCTH U3MEHEHHS HOPMBI

\A/[k+1] _\A/[k]

~[k+1]  ~[K]
= Max Vm _Vm

O<m<N

<&

Mo>kHO Takke 3a/1aBaTh (PUKCHpPOBAaHHOE YUCIIO UTepanuii. OOBIUHO YyxKe
JBE-TPYU WTEpPAllUd 3aMETHO MOBBIMIAIOT TOYHOCTh MO CPABHEHUIO C TEPBBIM
npubamxeHueM. reparimoHHble METOBI JJ1s1 00€cTIieueHrs 3aJaHHOM TOYHOCTH
MO3BOJISIIOT MCIOJIB30BaTh 00Jiee KPYMHBIM IIar Mo BPEMEHU MO CPABHEHUIO C
O€3UTEepAIIMOHHBIMM CXEMaMH, YTO 3a4acTyl0 MPUBOJAUT K 3HAYUTEIBHOMY

YMEHBIIIEHUIO0 00beMa BBIYUCIUTEIBHON PaOOTHI.

§7. Pa3HocTHBIE cXeMBbI /ISl pellIeHUs] YypPaBHEHUE MepeHoca.

PaccmoTpuM crienyrontyto 3anaqy:

fa_u+ca_u = f

ot OX

ul o =u(t) (1)
U, =o(x)

\

Kak u paHbliie, BB€ZIeM PaBHOMEPHYIO CETKY
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w' ={x, =hm;m=0,1,..}

w'={t,=zn;n=0,1,..}

W =W xwW*
I[J'ISI I[&HHOI?I 3a1a4U MOKHO HAIIUCaThb HCCKOJIBKO paBJII/I‘IHBIX
paSHOCTHI)IX CXEM, KOTOpBIe HA3bIBAKOTCSI cxemamu 662)21/14620 cuema.

PaccMmoTpum crenyroniye 4 annpokCUMAaIlMM BEpXHETO ypaBHEHUs cucTteMsl (1)

H COOTBCTCTBYHOIIUC 1a0JIOHEL:

n+1
Vm,n+1 _Vm,n n Cvm,n _Vm—l,n _ fm N (2)
T h '
n
m—1 m
n+l
Vv -V Vv -V
m,n+1 m,n m+1,n+1 m,n+1
+C = fm,n+1 ) (3)
T h .
m m+1
V Vv Vv Vv nrl
m,n+l = Vm,n m,n+l ~ Vm—1,n+1
+C = fm’n+1 y (4)
T h
n
m—1 m
Y -V V. —V n+l
m-+1,n+1 m+1,n +C m+1,nh m,n +
T
Vv Vv Vv Vv (5) n
mn+l = Vm,n m+n+l = Vmn+l
+ +C - fm+1,n + fm,n+l m m+1
T h
BLIHI/ICJIeHI/I}I 110 cxXxeMmam 6erymer0 cucTa OYCHDb HpOCTI)I

ANITOpUTMHUYECKH. 3Has U3 ycIoBHUM 3aaun (1) 3HaUeHUs pa3HOCTHOM (PYyHKIUU
Ha HYJEBOM II0 BpPEMEHM CJIOE€ M B JIEBOM TOYKE Ha IEPBOM CIIOE,
MIOCJIEIOBATEIBHO CJIEBA HANPABO OIPEAEIISIEM 3HAUYEHHUS HA BCEM IIEPBOM CIIOE.

3aTeM MOBTOPSIEM OIEPaIUIO Ha CIEAYIOIMIEM BPEMEHHOM CJIOE U T.1.
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MO0>XHO MOKa3aTh, YTO TOYHOCTh ANMNPOKCHUMALIMKM PAa3HOCTHBIX cxeM (2)-

(4) — mepBoro nopszaka, (5) - BToporo mopsiika TOYHOCTH.

Cxemsnl (2) u (3) ABISAIOTCS yCJIOBHO YCTOMYUBBIMH, a cxeMbl (4) u (5)
aOCOFOTHO yCcTOMYMBBHIMU. [lOTydrM yCIOBHSI YCTOWYMBOCTU I CXeMbl (2),

paccMaTpuBasd AJA IIPOCTOTHI 3a1a49y Ha OCCKOHEYHOM Y4acTKe 110 X .

Brauane crnekTpaibHBIM METOJOM HCCIIENyeM HEOOXOIUMBIE YCIOBHS
yCTOMYMBOCTU cXeMbl (2). g 3TOro paccMOTpUM Pa3HOCTHYIO 3aJady C

OTHOPOJHBIM YPABHEHUEM:

Vv Vv V. .=V

mn+l ~ Vm,n m,n m-1,n
+C =0

T h

iom

Umem ee pemenne B Buue: V,  =A"€“" . TloxcraBnseM Takoil Buj
pGIHGHI/IH B pa3HOCTHOG ypaBHeHI/IG 51 COKpaHlaeM Ha Vm,n . HonyqaeM:
A-1 1-e™

+C

T h

MOJYIb A, IOJTydaeM:

C ..
=0. Huaue, /1:1——7(1—cosa)+|sma)). Beruncisas

w Ct
1=

2 Cr .
14 :1—4Fsm 5 (6)

Cr ., @
Jlerko BUAETH, YTO TIPH n >1 u sin® By > 0 mpaBas yacTh (6) OobIe 1,

Ct o o
a Tpu O<FS1 menbiie 1. Cxema (2) OyaeT yCTOWYHBOM, €CITH |ﬂ.| <1 npu
T000M @ . 3HAUYUT, HEOOXOJUMBIM YCIOBUEM YCTOMUYMBOCTH SIBJISIETCS YCIOBHE

&1,

Tenepr mpoBepuM, 4UYTO TMOJYyYEHHOE HEOOXOAMMOE YCIOBHE Ha

COOTHOIIIEHHE 1IaroB 7 W h sABigercs Takxke u JOCTAaTOYHBIM IJIA YCTOﬁqHBOCTH
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Ct
cxembl. MTak, mycrthb Fsl. [lo-gpyromy 3ammucaB pa3HOCTHOE YpaBHEHUE,

UMEEM 3a/1auy:

Ct Ct f
Vm,n+1 = 1_F Vm,n +va—l,n +7 m,n

Vm,O = gpm
Maﬁ(opaHTHO OOCHHM JICBYKO 4YaCTb YPABHCHHA, YUYHUTbBIBAA, YUTO

(1— C—hrj > 0. [Tomyuaem:

C C C C
‘Vm,n+1 < (l_%)‘vm,n + %‘Vm—l,n + T‘ fm,n < (1_ FT)”VHH T FZ—”Vn” T T” f || -
= Vo[ + ] ]
rie, kak u pauee, |f[= max‘fm,n , a |v|= mavam,n . Orcrona
m,n m
||Vn+1|| < ||Vn||+2'|| f || CrenoBaTensbHo, Vn” < ”VO”—I— m'” f ” < ||(0||+T ”f ,Tae T -

BEJIMYMHA WHTEpPBAJIa BPEMEHH, HA KOTOPOM MBI MIIEM pEIICHHE. JTa OLCHKA,
[0 OIPEIEIICHUI0, O3HAYaeT YCTOMYMBOCTH PELICHUS 33Jayd [0 HadyaJlbHbIM

JIAHHBIM U TpaBoii yactu. Cxema (2) saBisieTcs yCIOBHO YCTOMUHUBOM.

AHQJIOTUYHBIE PACCYXKJIEHUSI Ui CXeMbl (3) TPUBOAST K YCIOBUIO

Ct
YCTOWYHBOCTH T >1.

YcaoBus cxogumocTu cxeM (2) u (3) HaszpiBaroT yciousimu Kypanra.

l_1+ﬂ,cl_% =0. IIpu >ToM

Jnst cxemel (4):
z'

1

14457 1457 |sin*
" h )T 2

<1, noatomy cxema (4) 6e3ycIOBHO yCTOHYMBA.

[41=
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TI'eomempuueckuit Kpumepuil ycCmoudueoCmu cxemol de2yuieco cuema
Nmeercs  mpocTOM  TEOMETPUYECKMM  KPUTEPUHM,  MO3BOJISIOLINAN
YCTAaHOBUTH YCJIOBUSA YCTOMYHMBOCTH TOW WJIM MHOM CXEMbI OErymiero cyera Io
BUJly MIa0JOHAa. A HMMEHHO, Ha KaXJOM IIare BBIUMCICHUS MO JII0OOOM u3
paccMaTpuBaeMbIX CX€M, B OJIHOM M3 TOYEK Ia0JOHA pa3HOCTHAs (YHKIIMS
UIIETCA, a B OCTAJIbHBIX YK€ M3BeCTHA. [IpoBeeM XxapakTepucTUKy yYpaBHEHUS
(1) u3 Touku, rae peuieHue wumercs. (XapakTepUCTUKON SBISETCS MpsiMast
X—Ct=const). Eciu maru 7 u h BBIOpaHBI Tak, 4TO 3Ta XapaKTCPUCTHUKA
nepecekaeT OTPE30K COCNUHSIONIMI TOYKHM I1a0JOHa, B KOTOPBIX pEIICHUE
U3BECTHO, TO cxeMma Oyzaer yctoluuBoi. Ecim ke xapakTepuCTHKa MPOXOJUT

MHUMO TAKOI'O OTPC3Ka, TO HGYCTOfI“IHBOﬁ.

Ha neBom puc. A mokaszan ciydaid, korga cxema (2) ycroitumBa. Ha
mpaBoM puc. A — Korzga HeycTtounBa. CBETIIBIM MapKepoM IOMEYEHA TOYKA
mabJyioHa, B KOTOPOMl pelieHne UIIETCs, TEMHBIMH — /1€ U3BECTHO, TYHKTUPOM —

XapaKTEePUCTHKA.

Puc. A

m-1 / m
Ha puc. b o e camoe mis cxemsr (3).

Puc.b
an+1

m m+1 m,/ m+l
/

Hnsa cxem (4) u (5) XapakTepuCTHKa BCErja IEpPEceKaeT OTPE3OK,
COEUHSIOIINI TOYKH, B KOTOPBIX pelieHue n3BectHo. Ha pucynkax B u I ator

OTPE30K M300paKeH TOUKAMH.
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Puc. B Puc. I’

m m+1

Kak roBopuioch Bbillle, YeThIpexToueuHass cxema (5) umeer Ooiee
BBICOKHMU TIOPSJIOK aINMPOKCUMAIIMKM, YEM TpPEXTOYCUHBbIE, U OE3yCIOBHO
ycToitunBasi. OHaKO OHA UMEET HEJOCTATOK, [0 CPABHEHUIO C TPEXTOUCUHBIMH,

- OHA HE SIBJISCTCS MOHOTOHHOM.

PasnoctHass cxema Ha3pIBAaCTCS MOHOTOHHOHM, e€ciad OHa oOJagaer

CJICIYFOIIIUM CBOMCTBOM:

U3 TOT0, YTO pa3HOCTHas (QyHKUuUs V =~ Ha N-HOM BPEMEHHOM CJI0€ MOHOTOHHO

MEHSIETCS ¢ U3MEHEHHEM HOMepa M, CIIeIyeT, YTO OHA OYeT TakKe MOHOTOHHO
MEHATHCS U Ha (N+1) —oM ciioe.

MOHO TOKa3aTh, YTO JMHEHHAs MOHOTOHHAS Pa3HOCTHAs CXeMma IS
ypaBHEHHsI MEPEHOCA HE MOXKET MMETh BTOPOM WJIM Oo0Jiee BBICOKHMH TMOPSIOK

TOYHOCTH.

B kauecTBe HITIOCTpAalIu CKa3aHHOI'O, paCCMOTPHM 3ada4dy:

6_u+8_u=0 (x>0,t>0)
ot OX (7)
u|x=O:O’ u|t=0:1

Huxe Ha mepBOM pHCYHKE MOKAa3aHO TOYHOE PELICHHUE 3TOM 3aJauyd Ha
HEKOTOpPBII MOMEHT BpPEMEHH, Ha BTOPOM - IIOJy4aeMO€ C IOMOIIbIO

MOHOTOHHOM cXeMbl (4), Ha TPEThEM - C TOMOIIBI0O HEMOHOTOHHOM cXeMbl (5).

an+1
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Tounoe pemenue 3agaun (7)

Au

>X
Pemenue 3anauu (7), noaydeHHoe 1o cxeme (4)

Au

>X

Pemenue 3amauu (7), moayderHoe mo cxeme (5)

[Ipu OBICTpONIEPEMEHHBIX PEHIEHUSX OOBIYHO HCIOIB3YIOT CXEMBbI

MIEPBOTO MOPSIKA TOYHOCTH.
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11. Bapuayuonnsie u npoekyuonnvlie Memoovl peuieHus Kpaesvlx 3aoau.

§1. CBenenue nudpepeHnuanbHOM 3a1a4u K BapuanuonHo. Meroa Putna
Yacto pemenus muddepeHManpbHON 3a7a4il MOXKET OBITh CBEIEHO K

BapuanmoHHoul. PaccMotpum B o6nactu D 3amauy

Lu=f
ul, =0 (1)

ITycrts L:

a) JluHeWHbIil camoconpsbkeHHbId omeparop, T.e. (Lu,Vv)=(u,Lv) mus
JTIOOBIX u|z :V|z =0.
0) OrpuuaTesabHO OIMpEACICHHBI omepaTop, T.e. i Jrodoro U

2
,Tne y =const >0

seimonneno: —(Lu,u) > ;/||u

B  kadectBe nmpumepa  Takoro - Omeparopa = MOXET  CIYXHUTb

mu(depeHnnanbHblil onepaTop:
Au =div(k gradu)—qu 2)

rne K>0 u q>0. [leicTBUTENBHO, JETKO MPOBEPHTH, YTO B DTOM CIIydae

~(Au,u) = [[ kVZu+qu’ |dV 2 ming |ulf
D D

Paccmotpum crnenyronuii GyHKIMOHAMT:

J[u]=2(f,u)—(Lu,u) (3)

Jist 3Toro (QyHKIMOHAIa PACCMOTPUM  CIEAYIONIYI0 BapUALMOHHYIO

3a/auy:

J[u] - min
uf,. = (4)

)

Nmeem
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J[u+du]-J[u]=2(f,6u)—(Lu,éu)—(LSu,u)—(LSu,bu) =
=2(f —Lu,8u)—(LSu,u) (5)

Bapuanus QyHkumronana, To €CTh JUHEHHAs] 4acTh MPHUPAIICHUS, paBHA

aymo npu Lu— f =0. CrenoBaresbHo, s3KkCcTpeMaib GyHKIIMOHANA B 3a1aue (4)

aBisieTcs pemeHueM 3anadu (1). Ha »Toil skcTpeMalin TIOCTUTAeTCs CUJIbHBIN

MHHUMYM, TIOcKosibky —(Lou,ou) > 7/||5u||2 :

HaoGopor, nmycts U pemenue 3amauud (1). Torma cootHomienue (5)

IIOKA3bIBACT, 4YTO

J[u+du]-J[u]=—(Léu,8u)>0 ams moGoit  dymkumn  (U+4U).

CrnenoBatenbHO, pelieHue 3a1ayu (1) siBnsiercs pemenueM u 3aaauu (4).

OOparumcst k m3i0keHuto metona Purma. Ilyere ¢yHknumonan J [u],

3aJaHHBId BeIpakeHneM (3), ompeneneH Ha MHOkectBe UeU . Bribepem

HEKOTOPYIO CHUCTEMY JIMHEHHO-HE3aBUCUMBIX (DYHKIUI {gon}, TaKMX, YTO

@, €U . QOukcupyem npousBosnbHoe HaTypanbHoe uuciao N. O0o3HaunmmMm, Kak

Uy QyHKIMM BUAA

N
Uy = éck¢k (6)

Mx coBokymHOCTh 00pasyeT MHOxecTBo U, . 3HaueHue (yHKIMOHATA

J[UN] 3aBUCHT OT BbIOOpa KO3 ¢unuentoB C,. Takum oOpazom
Juy]=@(c,,....cy ).

O6o3HaunM TOYHOE pemieHne 3amgaud (4) kak U, a MHUHUMAaJIbHOE

3HayeHne (yHKIMOHAIA minJ[u]zJ[U]z,u. MuHuMyM J[UN] Ha

ueU

MmHOkecTBe U, 0003HauuM Kak L, a QyHKIHUIO, HA KOTOPOH 3TOT MHUHUMYM

JIOCTUTAETCA, KaK uy - (uy =19 [UN ] =min J [uN ]). [TocKOIBKY,
UN
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U,eUy,€U, to u< <y, . HyKHO BBIICHUTBH BONPOC: CXOAUTCA JIH

Jlemma. Tlycts cucrema QyHKIIAN {(pk} takoBa, 4to gaa Ve >0

cymectByloT N(g&) um Uy Takue, 4TO J[UN]—J[U]<5. Torma py —>u n
N—
o Tl 0.
N—0

Lokazamenvbcmeo. B COOTBETCTBUE C YCIOBUSMHU JIEMMbI MOKHO BBIOpATh

&,noHemy N(&) m U, Tak, 9To
e>J [UN]— J [U] >J [UN ]—J [U] = 1, — 1 . CrienoBarensno, mpu N > N(¢)

ciupasenmuBo 0< g —u<e¢.
Harnee, COI'JIaCHO (5) UMeeM: wy —u=1J [UN ] -J [U] =
L5y, 8) 27|64 toe 6, =1, 0.

&
—<—.
v /4

CnenoBartesbHO,

5N||2 cEnTH

BriOpas MOCJIEAOBATEIBHOCTD MTOJIOKUTETBHBIX g, —0 151
COOTBETCTBYIOIIYIO TMOCJIEAOBATEILHOCTh Bo3pacTatommx N, momydaem, 4TO

||UN — U” —0. Ymeeporcoenue ooxazano.
N —o0

B ycnoBusix nemmel  Qurypupyer ¢yHkuus U, KOTOpas 3apaHee Ham
HEW3BeCTHA. PaccMoTpuM, TIpM KakuWX JIOCTATOYHBIX YCIOBHUSIX OYyIyT
BBITIOJTHEHBI ycioBus JemMbl. Hcnonb3ys (5) u HepaBeHcTBO Komm —

byHsKoBCKOTO, NMEEM:

J[uy]-3[U]=—(Ls,6) <|LS|- |6

, e o0 =Uy —U. Ilomyuaem, 4ro mis
BBIIIOJIHEHUS. YCIIOBHM JIEMMBI JTOCTATOYHO, YTOOBI ||L5||_>0. [TosTomy
N—0

JIOCTAaTOYHBIE YCIOBHSI MOKHO BBIOpaTh B cienyroiei popme:
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cuctemMa (pyHKUUN {(ok} TakoBa, 4To Ais Jrobor ¢ynkumn UeU wu
moboro &£>0 cymecrBytor N(g) u U, Takme, 4YTO ||L(U—UN)||<8,

Jlu—uy|<1.

B cnyuae npumepa (2) noctatouHo, 4TOOBI {(ok} OblJIa TaKOBA, YTO JIFOOOE
UeU Moxker ObITh NPHOIMKEHO COOTBETCTBYIOIIMM U, OJHOBPEMEHHO C

IPOU3BOJHOM: ||u — Uy || <&mwm ||Vu -Vu, || <¢.Tornma
Iuy]=3[T]=~(As,6) =

Tk(V&) + 967 Jav s(maxk +maxqj(||5||2 +[vel)<cs
D D

D
Aneopumm noucka U, .

Cornacao (3) u (6):
Juy]=2(f,uy)—(Luy,uy)=

N N N 7
2(1:,ZCKQKJ—(L(ZCk(Dk)’ZCkgokJzq)(cl""’CN) g

JUis moucka MuUHMMyMa (QYHKUMH @ pellaeM CUCTEMY YpaBHEHUI:

2%() =0 (k=1..,N). [Huddepenumpys (7) mo C,  uMeeM:
k

2(f1§0k)_(LuN’¢k)_(L¢k1uN)=2(f _LUN1§0|<)=0

Jns onpenenenus KOOPOUIUEHTOB C, NOIy4aeM CHCTEMY ypaBHEHUIA:
(LUN—f,(Dk)=0 (k=l,...,N) (8)

3ameTuM, 4TO MHTErpan J [u] B BeIpaxkeHuu (8) He purypupyet. MoxxHO

HEIMOCPEJICTBEHHO MCKaTh MpUONmKeHHoe pemieHue 3anaun (1) B popme (6). B
3TOM Clly4ae Ul onpeeseHns KodQPUIUEHTOB C, TaKkKe MMOJYyYHM ypaBHCHHUSA

(8). OTo Oymer saBusATHCS MeTonOoM Putna B auddepenuumansHoil Gopme. Mbl
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BBOIWJIIW HMHTCrpal J [U] N pacCMaTpUBaJIN HMHTCTPAJIbHBIC COOTHOLICHUA OJIA

J0Ka3aTcJabCTBA CXOJUMOCTH UN K TOYHOMY PCHICHUIO.

Uccnenyem  ypaBHenus  (8). OTH  ypaBHEHHS,  HCIOIb3Ys

CaMOCOIIPAKCHHOCTDb orcparopa L, MOXHO npCaACTaBUTh B BUJC

N
ch o, Lo |= ( f.o, ) . OTcroz1a moyy4aem CUCTEMY YpaBHEHUMN
k=1

zak,mck = b (m=1..,N) (9)
rac ak,m - ((Dk’ L@m) ’ﬂm = ((Dm’ f) (10)

I[OKa)KeM CANHCTBCHHOCTDL PCHICHHUA CHUCTCMBI (9) I[JI}I 9TOIr0, KaK H3BCCTHO,

HY>KHO O0Ka3aTb, 4YTO OJHOPOJHAA CUCTCMaA
Zak’ka =0 (11)

UMeEeT TOJbKO TPUBHAJIbHOE perieHne. YMHOxUM (11) Ha Cm 1 mpocymMMupyem

mo m. Umeewm:

N _ N y N _ N _ N _
0=>"Cn Y &uCk =D CkY> Culgy,,Lp) =D ck(u,,Ly) =
m= k=1 k=1 m=1 k=1

N ~
ch(wk’LuN)z(uN’LuN)
k=1

Hcnonp3zyem 3HAKOOIIPEAECIEHHOCTh orneparopa L. Nmeem:
2

O=—(uN,LuN)2yHuN

CnenoBarenbHo U, =0, d4ro  JOKa3bIBaeT

€IMHCTBEHHOCTH perieHus (9).

Hrax, 3amaya moucka Uy CBOOUTCA K  PELICHUIO JMHEWHOHN

anreOpanyecKko CUCTEMbI ypaBHeHUH (9), UMEIOIIe eTMHCTBEHHOE pPEIIeHHE.
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Jna npumepa (2) xo>3dpduunenTsl ¢, =— J [kV(an(pm +qg0ngom]dV, a

D

B, = o, fdv
D

Paccmotpennbii  Meton PuTma OTHOCUTCA K Tak  HAa3bIBAEMBIM
MPOCKIMOHHBIM MeTojilaM. COOTHOHIEHUIO (8) MOXKHO MPUIIATh CIIETYIONIUMA
reOMETPUYECKUM cMbICI. B kadectBe mnpuOamxkeHHOro perreHus 3amadu (1)

mmercss (yHkous U, Takas, 4ro mpoekuus Bekropa (Luy,—f) mHa

«IJTIOCKOCTBY, 00pa30BaHHYIO BEKTOpamMu (¢,,..., ¢y ) , PaBHA HYJIIO.

§2. IIpoekuoOHHBbIE METOABI
KpaTtko, Ha ypoBHE 3HAKOMCTBA C TEPMHUHOJIOTHEH, YKa)K€M HEKOTOpbIC

MPOEKITMOHHBIE METO/1bI pemieHus 3aaauun (1) §1.

Memoo I'anepkuna.
Tak Ha3bIBaeTCS METOJI HAXOXKJEHUS MPUOIMKEHHOTO PEIICHUsS 3aJlauu
(1)§1 B ciyuae, korma omepatop L He  ABISETCS CaMOCONPSDKCHHBIM U

3HAKOOIPEACICHHBIM. AJTOPUTM aHajoruueH metony Putua. ITpubnmxenHoe

N
pELICHUE MIIETCS B BHJE PA3JIOKEHHUA IO 0a3MCHBIM QyHKIHMAM U, = ch% :
k=

rae  Kod(QQUUUEHTbl  ONPEAENSIIOTCS U3  CUCTEMBI (LuN -, ) =0,

(k=1...,N).

Memoo HaumeHbUIUX KBAOPAM 06.

Ecmu B 3amave (1)§1 manble nu3MeHeHus QyHKuuu f mpuBOAsST K MasbM

. -1
U3MCHEHHUSAM pelIeHHs U, TO eCTh OOpaTHBIM omepatop L~ orpaHudeH, To
pelieHre 3aJa4ll MOXKHO HCKAaTh W3 YCIOBUS MHUHUMHU3AINMKA (PYHKIIMOHAIIA

HCBA3KU.

|Lfu- [
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N
HMmeM nmpubiavKeHHOE pellleHne 3a/1a4d B BUIE Uy = ch(pk . Ycnosue
k=1

MHUHUMYMa

o N, N N N
L u - = | L e L cw |2 LY e f |+ (F.f) |=
oc, oc k=1 k=1 k=1

m

N
= Z(LZCk(pk - f,Lp, |=0
k=1

[IpyuBomuT K ClEeAylOMEd CHUCTEMOM YypaBHEHUW I OIPEACICHUS

K03((PUIMEHTOB C,

(Luy, Lo )=(f,Le) (k=1..,N)

Memoo momenmoe

Meron ['anepkunHa 11 MHTErpAIBHBIX YPAaBHEHUM Ha3bIBAIOT METOIAOM

MOMCHTOB. HYCTB JaHO HHTCI'PAJIBHOC YPaBHCHHUC
b

y(x)= /IJ'K(x,s)y(s)ds+ f (x)

a

Ero npubnuxeHHOE pelieHre MUIYT B BUIE PA3JI0KEHUS MO HEKOTOPOH

0a3ucHoM cucteme QyHKIUN {(pk } , T.C.

Yy (x)=ﬂ.gck¢k + f(x)

[ToxcraBisas yka3aHHbBIM BUJI PELICHUS B YPAaBHEHHE, TIOJTYyYaeM:
b

Agck(pk(x):ﬂ [ K(x,s)(ﬂgck(pk(sﬁ f (S)st

a

CkanspHO yMHOXas IIOCIIEJHEE ypaBHEHHME Ha (0, NPUXOJUM K JIMHEHHON

CUCTEME aNre0pandecKuX ypaBHEHUH:
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N
Zak,mck = ﬂm
k=1

rie @, , :i[(pn(x)gom(x)]dx—/iﬁK(x,s)(pn (s)p, (x)dxds, a

P ZEK(X,S)(pm (x) f(s)ds.

Ecau cucrema {¢k} - OPTOHOPMHUPOBAHHAA, TO I[&HHI)Iﬁ MCTOJ SKBHUBAJICHTCH

N

3amene sapa K (X, S) Ha BRIpOXKIeHHOE: K (X, S) = Z(pk (X)Qk (S), rae

k=1
b
Q,(s)= I K (X,8)@,(x)dx . IIpu 5ToM 3HaueHns C,, ONPEACIAIOTCS 3

a

N
CHUCTEMbI YPABHEHUI: C,— Zak C = ,Bm ,
k=1

e &, = [Q (09, (X)X, a B, = [Q,(5)f (s)ds.

O600wenHbLIl MEMOO MOMEHM OB
Meron TanepkuHa uMeeT pa3HOBUAHOCTU M 0000meHus. B kadecTBe

TaKOT0 MOYXHO YIOMSIHYTh OO0OIIIEHHBIN METOJI MOMEHTOB.

Ecnu cymectByet onepatop B, Takoii uto onepatop L npeactaBuMm B Bujie

L=L +L,, me (Lu,Bu)> 7 |ul*, (Lu,Bu)>,|By|

Buze (6), rae xod(pGUUUEHTH! C, ONPEINENAITCS M3 CUCTEMBI ypaBHEHUI

(Luy—f,Bp,)=0 (k=1..,N)

2
, TO PCIICHUC UINYT B

§3. PazHocTHBIE cXeMBbI IS YPABHEHHMH ¢ pa3pbIBHBIMHU KO3 PULIEHTAMH,
OCHOBAaHHbIC HA BAPHALMOHHBIX NPUHIHMNIaX. MeToa KOHEYHbIX 3J1eMEHTOB.

B nocnegHue roapl mpOMCXOAWT MOMCK HOBBIX METOJIOB MOCTPOCHUSA
Pa3HOCTHBIX YpPAaBHEHU HA OCHOBE BapUAllMOHHBIX OPUHIUINOB. OQHON U3
[EHTPAIBHBIX TIPU STOM SBJISIETCS WJEs MCIOJIB30BaHUS B KaueCTBE Oa3MCHBIX

byHKIMNA - QYHKIIUNA C KOHEYHBIM HOCHUTEJIEM, T.€. TAKUX, KOTOPHIE TOJHKO B
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CpPaBHUTEIHHO HEOOJNBLION (TMOpsiAKa IIara CETKH) OKPECTHOCTH OTIUYHBI OT
HYJIs, @ BHE 3TOM OKPECTHOCTH paBHBI HYJI0. Pelenue 3amaun UiyTcs B BUJE
JUHENHON KOMOMHAIUU (QYHKIUIA C KOHEYHBIM HOcUTeNeM (KOHEYHBIM
AJIEMEHTOB) TPU HEM3BECTHBIX Kod(h(duileHTax, KOTOpbIE BBHIOMpAIOTCA Ha
OCHOBE MHHHMMyMa TOTO WM HMHOrO (YyHKIHMOHANA, CBSA3aHHOTO C
BAPUALIMOHHBIM TNPUHIUNOM. Takue ajaropuTMbl Ha3bIBAKOTCA BapHAIlMOHHO-

Pa3HOCTHBIMU, ITPOCKINOHHO-CCTOYHBIMU NJIX MCTOAOM KOHCYHBIX 3JICMCHTOB.

PaCCMOTpI/IM CItIoco0 IIOCTPOCHHUA KOHCCpBaTHBHOﬁ paBHOCTHOﬁ CXCMBI,

I/ICHOJIBSyI-OHlI/Iﬁ MCTOJ KOHCYHBIX 3JICMCHTOB, JI KpaeBoﬁ 3aJa4yu:

au

1u(0)=
()

1)

0
0
1

I/\

rae P(X)=p,>0u q(x)=>0.

CornacHo pesynbraram §1 3Ta 3a7a4a S5KBUBAJIEHTHA 3a/1a4€:

u(0)=0, u(1)=0 (2)

f (euY
rie J[u]zj p| — | +qu®+2fu |dx
5 OX

bynem pemars nDociegHIO 3ajlady, MCHOJb3YyS METOJ KOHEUHBIX

. 1
pasHocTell. BBoauM paBHOMepHYIO cetky W' = X.=hi,i=01,..,N :H

Anmnpokcumupyem (HyHKIHIO u(x) HENPEPBIBHOM JIOMAHOM JIMHUEH uh(x),

JTMHENHOW Ha KaXIOM OTpe3Ke X, S X <X, -
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hron Xea— X X=X,
u'(x)= Vet Ve 3)

rac Vk - HCKOTOpPBIC, IIOJICKAIIUC OIPCACICHUIO 3HAYCHUA. BBeIleM

X—X X, . —X
cIeayIonye 0003HAYECHHUS: Wy, (X) = b K W, (X) =kl = Torma

dbopmyza (3) nepermumercs B Buge: U" (X) =Wy, (X)V,, + Wy (X)V,,; - TIpu sTOM

ceTouHas (yHKIUS u“(x) Ha Bcem orpeske 0<X<1 mpencraBuma B BHIE

CYMMBEI:
h . h
u (X)=§Vk¢k(><) (4)

rne QyHKIUU (oih (X) OTIPEICTISIOTCS CIIECIYIOIINM 00pa3oM:

%,XE[XH,XK] 0a

X =X ¢ . kmmmmmmmmm e ——— -
@E(X):<H1T’X€[Xk’xk+1] ?

0, X X 1K, . o

k=12 N-1 xp=0 X1 X1 Xk Xk#1  Xn1 Xn=1

X, — X 1-x

, 0, —, 1

o (x)=1"n x €[0,x] o ()= X €[ Xy_1,1]

0, x&[0,x] 0, Xx&[Xy.11]

Tenepb MoJCTaBUM MOJYYEHHYIO annpokcumanuio (4) GyHkium u(x) B

¢byukimonan J [u] :

2
J[uh]:j p[aa—ti:j +q(u“)2+2fuh dx
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ow, (x) 1 OW,, ( X 1
y‘-II/ITBIBaH, qTO M =— " L() = _E , MCHAA CyMMHpOBaHI/Ie

OX h OX

U UHTCIPUPOBAHUEC MCCTAMMU, IMOJTYUHUM!

Xk+1

‘][uh]:’\i J‘p k+1 2\;]k2+1V +V K dx +

+J- [q(wz V2., + 2W, W Vi1V, + W2V )+2f (WyeViesq + WV, )]dx

VYcnoBueM MHUHHMYyMa 3TOro (yHKIMOHANA SIBISETCA CIEAYyIOIas CHUCTEMa

PaBEHCTB:

oJ [u ]
——==0 ma k=12,....N-1.
OV,
YuuteiBasi B QyHKUMA W, # W, , IPUXOAUM K CHCTEME ypaBHCHHI

JUISL ONPEACTICHUS V,

/'\<Vk—1 + Bka + Cka+1 = _Fk
Vo=V, =0

()

12)

- C = + (
ke k—= IR k pk—1 pk+ qk—— qki
2 2 2 2 2 2

Xk+1 Xk+1

I[Ipu aTOM P . =% j p(x)dx, a qul .[W.kWqudX rae {i,j=1,2}.

2 X 2 Xi

3agaya (5) MOKeT OBITH pelleHa METOAOM IPOroHkH. Ompenenus V, , U3

(4) momydaem MpUOIKEHHOE PEIICHUE u" (X) 3agauu (1).
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Pemenne uckanoce B BUE HENPEPHIBHON KyCOYHO-TMHEHHON (DyHKIHUH,
o0ecreunBaroIIel anmpoKCUMAalMI0 TOYHOTO pelieHus. BapuannoHHbl MeToA
IIOCTPOEHUSI PA3HOCTHOTO YPAaBHEHHs MOYKHO HCIIOJIB30BATH JUIA IOJYYEHHUS
NPUOIMKEHHOTO pelIeHusl JIooro mnopsiaka ToyHocTH. € 3TOM  LEmbIo
HEOOXOMMO BMECTO MPOCTEHIINX UHTEPIIOIALUOHHBIX (OpMYIT BEIOpaTh Ooiee
tounble. Ilepexon or nuddepeHnmanpHOl 3amauM K BapUALMOHHOM
o0ecrieurBaeT BBIINOJIHEHUE 3aKOHOB COXPAHEHUS, YTO BAaXXHO C TOYKH 3PEHMS

KOHCCPBATUBHOCTH HOquaCMOﬁ paSHOCTHOﬁ CXCMBI.

§4. Bapuauuonnslii noaxoa K pemennio 3aaaqyu Hrtypma-JInyBuiuis.

Paccmotpum 3apauy HItypma-JIinyBusis
Au+Au=0
|, =0 ¢

B oOmactu G. Cuymraem, uro U ( M ) ec® (G)ﬁC(l) (G ) O0603HaYUM

[fgav=(f.g).

YMmHOXkas ypaBHeHue 3anmaud (1) Ha U, mHTerpHpys mo obimactu G wu

npumMensist popmyay I'puna monygaem: A -(u,u) =—(Au,u) =(Vu,Vu).

(Vu,Vu)
CnenoBarenbHo, it GyHKIHoOHana | [u] = ﬁ OyJZIeT BBIITOJHEHO:
u,u
ecii U - cobOctBeHHas ¢yHkmms 3amaun (1), a A - COOTBETCTBEHHOE

coOCTBEHHOE 3HauYeHue, 1O | [u] =A.

PaccMmoTpum Tenepb BapruallMOHHYIO 3aa4y:

I[u] - min
u, =0 (2)
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[Tokaxem, uro ecnmu U=0 sBusercs pemeHuem 3amadu (2), To U -

cooctBeHHass ¢yHknus 3amaun (1), a u=1 [u] SABJISIETC HAUMEHbBIIINM

COOCTBEHHBIM 3HaYCHHUEM 3a1a4u (1).

PaccmoTpum npupaiienue GpyHKImoHana

u+su] 1 [u] = (V(u+6u),V(u+éu)) (Vu,Vu)
(u+du,u+ou) (u,u)

JluneliHas 4yacTh 3TOTO MPUPAILICHUS, TO €CTh BapHalus GyHKIIMOHAIA, paBHA

(Véu,vu)(u,u)—(Vu,vu)(u,du)

ol =2 >
(u,u)
vu,Vv
M cronp3ys paBEeHCTBO (Vu, )u) = | [u]: 1L, TTOTTydaeM
u,u

2(V5u,Vu)—y(u,5u) 2

ol = —
(u,u) (u,u)

(Au+ pu,6u)

CrnenoBareibHO, DKCTpeMallb (PyHKIMOHAIA I[u] OIIpEeIeNIAeTCsl ypaBHEHHEM
AU+ uu=0. Kpome toro, cornacHo (2), u|2 =0. Ilockonbky MUHUMYM

dbyHKIIMOHATA OCTUTAeTCS Ha IKCTPEMalM, TO pelieHue 3amauu (2) sBisercs
pemienneMm 3amgaun lltypma-JluyBumis. Takum oOpa3oM, SKBUBAJIEHTHOCTh

3amad (1) u (2) nokazana.

CornacHo ckazaHHOMY BblIIIIE, JII000€ pelieHue 3aaa4u (1) ynoBineTBopsieT

paBeHCTBY A = | [u] [Tostomy, wu=minl [u] <A. CnenoBarenbHo, u

SBJISIETCS HAMMEHBIIIMM COOCTBEHHBIM 3HaUCHHUEM 3aaauu (1).

IIl. Acumnmomuueckue memooewl.

§1. MeToa MmaJsioro napamMerpa.
Masplii mapaMeTp B 3ajladaX MOYKET BO3HHMKATH IO PAa3HBIM MPUYHUHAM.
OT0 MOXKeT ObITh Maibli KOA(UIMEHT WM Majoe OTHOIICHHUE KaKhX TO

BennunH. Kak HN3BCCTHO, MHOI'HC (I)I/ISI/I‘-IGCKI/IG 3aJa4u  OIIMCBIBAIOTCA
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HEJIMHEWHBIMH YPaBHEHUSMHU, aHAIUTUYECKUE PEIICHHUS KOTOPBIX MOTYT OBITh
HallIeHO Julllb B peAkux ciydasx. OJHako 4yacTo B (PU3MKE BCTpEUArOTCS
3alayd C TaK Ha3blBaeMoW cllaboil HenuHeHocThio. B Takux 3amauax
HEJIMHENHBIE YJIECHBI MAJIbl IO CPABHEHUIO C JIMHEWHOM YacTh0. DTO OTHOIICHHUE
MaJIOCTH MOKHO paccMaTpuBaTh Kak Mansld napamerp. [Ipocrenmmm
OpPUMEpPOM SIBIISIETCS 3aJada O CBOOOJHBIX KOJIEOaHUSAX MaTeMAaTHUYECKOTO
MasgTHHKA. M3 Kypca MEXaHMKHM M3BECTHO, YTO TOYHOE YypaBHEHME,

OITNCBIBAIOIICC KOJI€68,HI/IH, BBITTEIAUT CIICAYIOIIUM 06p3.30M:

2

ou )
5F~+kanu=0 (1)

HOCKOJIBKy 9TO YPAaBHCHHUC AHAIIMTHYCCKHM HC pPCIIACTCA, TO 0OBIYHO

paccMaTpHBAIOT JIMING CIIydad MpeaeabHO MajblX KoJICOaHHH, MpPH KOTOPHIX
u
nojararor, 4ro SiNU ~U. Torma moiy4yaem: ¥+ku =0. Pemenue 3TOro

BBIPOXKIACHHOI'O YPAaBHCHHUA XOPOIIO U3BCCTHO. Ecau xe Hac HHTCPCCYCT Ooee

TOYHOE pellieHne ypaBHeHus (1), ToO MIOMUMO MEPBOrO WiEeHa HAJIO0 YAECpPKUBATH
u3
TaKKe CIEeAYIOIMI wieH pasnoxenus Teiiopa SiNU ~ U — a . Iomyuaem:

o°u u’®

¥+ ku :kE. IpencraBum U B Buge: U=Uyp(t), rae U, nMeer cMEICT

aMIUTATYapl  KojeOammit.  Torma — ypaBHeHme — mpuOOpeTaeT  BHIL:
2 2 2

e Uo

U 3
~+kp=k——¢° . Bemmumnmy K——, XapakTepusylomyl MaloCTh
ot 6 6
HEJIMHEMHOTO CIIaraeMoro, MOXXHO B3STh 3a Majblii mapaMeTp [/ W HCKaTh

MONPaBKU K TaPMOHUYECKOMY PELICHHUIO.

Pezynapuotii cayuaii.
OTOT ciyyail paccmaTpuBaics B Kypce AuddepeHInaIbHbIX YpaBHEHU.

KpaTKO HAaITOMHHUM HEKOTOPBIC ITOJTYUYCHHBIC PE3YJILTATHI.
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Paccmorpum 3amauy:

d
= fnta)

) 2)
y‘tzo = y

na untepsaie 3nadenuii 0 <t <T . IIycTs U3BECTHO pellleHUe Y BHIPOKIAEHHOM

3a1a4un.
dy -
—=f(y,t,0
a ©
Vo=V

bynem nckathb pemenue 3agauu (2) B BUAE psaa 1Mo CTEIEHsIM [ !

Y(t)= Yo (t)+ 2y, (1) + £y, (1) + .. (4)

[ToacTaBuM Takoi BUJ pelICHUS B MIPaBYIO YacTh YpaBHEHUSA (2), a 3aTeM

¢yuknuo f (y,t, ,u) TaKXe Pa3jIoKUM IO CTENEHAM [ !

of
f (YO +lLlyl+/Ll2y2 +...,t,,u): f (YO’t’O)“‘ﬂ )ﬁ(_]

oy
SRR
2 Y Jly-y, 2 8y2 Y=o ' 0y O

y
/120 U=
MHororo4ne 03Ha4JaeT WieHbI 00Jiee BEICOKOTO ImopsaaxKa MajJOoCTH 10 U .

()

¥Y=Yo
©=0

[ToacraBnsiem (4) u (5) B ypaBHenuwe 3anauu (2). IlpupaBHUBaeM YJIEHBI

CTOAIMC IIPHU OIIPIH&KOBOfI CTCIICHU U .
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[Ipu 14 B HyJIEBOH CTENEHU MOJyYaeM:

dy,

0 — f(y..t,0

dt (¥.1.0)
0

yo\t=0 = y

C TOYHOCTBIO 10 0003HAYECHUM MOJYYHIIN 3a7ady (3), pelieHrue KOTOPOu

I10 IMPCAITIOJIOKCHUIO U3BCCTHO.

Jns  HaxoxaeHuss  (QyHKIMMA Y; (t), rne  1=12,... mnonyuaem
MOCJIEIOBATEIBHOCTD 3a/1a4, KaXK/Jasi U3 KOTOPBIX MPEJACTaBISET cO00M 3amauy
Koum s nunelinoro nuddepeHuanbHoro ypaBHeHus nepBoro nopsaka. s

onpezenenns Y, (t) umeem:

dy. of (¥,,t,0
di _ (a; )yi+Qi(yO,...,yi_1,t,ﬂ)
yi|t=0:O

Heonnoponuoets  Q (Yo, Vit gt)  comepur  dynxmn , (t),

HalJIcHHBIC paHee U3 COOTBETCTBYIOIHUX 3a1a4 I Y, ,..., Y, ;-

B kypce nuddepennnanbHbIX ypaBHEHUHN OBLJIO JOKA3aHO, YTO

Takum oOpa3om, MOXXKHO HaliTH pemieHue 3amadyn (2) ¢ HeoOXOIUMOM

CTCIICHBIO TOYHOCTH.

Cnyuait cunzyniapHo2o 603MyujeHusL.
K sromy ciydaro oTHOcCATCS 3a7a4uM, B KOTOPBIX MaJiblii MMapaMeTp CTOUT

MHOKUTEJIEM MPU CTAapLIEH MPOU3BOIHON. PaccMoTpuM crieyronyro 3agauy:
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dy
L _f(yt
arr (v:1)

0

(6)
Yo=Y

OCOOEHHOCTBIO TaKoOH 3aJladyn  ABJACTCA TO, YTO COOTBCTCTBYIOLICC

BBIPOXKJICHHOE  ypaBHeHume ( y(t) ,t) =0 sBusgercs  ajnreOpanvecKuM

ypaBHeHHeM. Ero perieHue B 00IIeM cilydae HE YAOBJIETBOPSIET HaYaJIbHBIM

YCIIOBUSIM.

Kpowme Toro, ypasuenune f ((o(t),t) =0 MOXeT UMeTh HECKOJIBKO KOpPHEH
- pelmeHun @, (t) Bo3Hukaer BOIpOC, K KAKOMy M3 HHMX CTPEMUTCS y(t) -

perirenve 3amaun (6) - mpu 1 —> 07?

Ha IMPHUBCACHHOM Anorpancnoﬁ
pUCYHKE H300pakeH Cciyyai, Y( t) : / v /

KOTJa KOpHEH @, (t) - Tpu. B
0}

o0JlacTU ~ MEXIY  KaXIbIMU |28 AN \\ \

nBymMss w3 HuUX (yskous f ™~

COXpaHseT 3HaK, a, !

|
CJIEJOBATEIILHO, COXpaHseT / / / /’
dy L 0
3HAK E Crpenkamu noka3aH

X004 HHTCTPAJIbHBIX KPHUBBIX C

rg
pocToM t. PaccmoTpum 0 {

00JIaCTb  BOKPYI KODHA @, (t) Bemme ¢, (t) UHTErpajbHble KPUBbIE

omyckatorcs — ¢GyHKus f orpurarenbHa, a HU)KE KpUBBIE TOJHUMAIOTCS —

nonoxkutenbHa. Ilpu mepexoze uepes kopersb ¢, (t) dynxuus f Menser 3Hak ¢

MIOJIOKUTENIBHOTO HA OTpULIATENbHbIN. HTErpaibHbIE KPUBBIE CXOIATCS K TOMY

KOPHIO, 17  KOTOPOTO ?(gon (t),t)<0. Takoe pemenne ¢, (t)
»

BBIPOXKICHHOTO ypaBHeHus f (q)(t) ,t) =0 sBsIETCSA YCTOWYUBBIM.
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OO6nacTe BAMSHHUS HEKOTOPOrO KOPHS — 3Ta 00JacTb B NMPOCTPAHCTBE

{t, y} , B KOTOpOﬁ HHTCIPAJIBHBIC KPHUBBLIC HAIIPABJICHBI K 9TOMY KOPHIO.

HNmeer mecto TCOpCMa, YTBCpXKIAaromas, 4YTOo CCIH @, (t) ABJACTCA

. 0
YCTOWYMBBIM KOPHEM BBIPOXKJICHHOTO YPaBHEHHUS M Ha4YaJbHOE 3HAYCHHE Y B
sagade (7) HaXOAWTCA B OOJIACTH BJIMSHHUS DTOrO KOpHs, TO i jaroboro t>0

pelieHue Y(t)To—)(Di (t)

B »atoil TeopemMe peub HAET O CXOAUMOCTH y(t) K @ (t) IIpH

¢dukcupoBanaom t > 0. OueBuaHO, paBHOMEPHON CXOJMMOCTH HET, MOCKOJIBKY

st moboro 42 >0 moxuo BeIOpath t >0 HacTONBKO MaibIM, YTO Pa3sHOCTH
0 Lo y
y(t) —@.(t)=y —@(0). Cymecryer norpanuuHslii cioi (061acTh 3HAYECHHUH

t BONM3M Hynd), Tae pa3sHOCTh y(t)—goi (t) OwicTpo yObIBaeT, HO sBIAETCS

CYIIECTBEHHOM.

Ilocmpoenue pagnomepHoU acCUMRMOMUKU.
Jlist mocTpoeHust paBHOMepHOW 1o t acuMnrToTuku B 3amade (6) cTposr

pAl, COAEPKALINMN PETYISPHYIO U IMOTPAHCIOWHYIO YaCTH.
y(t)=] Yo (t)+y, (t)+... | +[ Ty () + 41, (7) +... | )

t
rne T=—.

U

[IpaBas wacth ypaBHEeHH (6) TakKe MPEACTABISAIOT B BHJIE PETYIIPHON 1

ITOTPAHCIIONHON YaCTEN:

f =F(t)+‘1’(r) (8)
rae

F(t)=f(yo(t)+ay,(t)+....t)
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W ()= f([ Yo (ur)+uy, (ur)+. ]+ [T (2) + iy (2) +... ], ur ) -

F([Yo (ur)+ py, (ur)+ ... ], )

OyHKIUU F(t) 51 ‘P(T) pacKiaabIBalOT B psia Tenopa Mo CTENneHsIM

napameTpa U :
2 2
|::|:O+ﬂ|:1+%|:2+... ‘P:‘PO+/HJ1+’U7\P2+... ©)

[ToncraBnsiem (7) u (8) B Bume (9) B ypaBHenue (6). IIpupaBHUBaecM

cJlaraCMbIC IIPpU OJWMHAKOBBIX CTCHCHAX (K OTACIBHO IJIA perynﬂpHoﬁ qacTu

pasioXeHus M A NOTPAHCIOWHOM YacTH. YYMTHIBAEM, YTO lu%:di.
T
[Tomygaem:
dy, dIT,
yl—l — Fi L lPi
dt dr

[TycTh rpannyHOE ycinoBHe B 3a1a4e (6) 3aBUCUT OT 4L '

0

2
y7i
y =y (u)= yé’+uyf+7y§+
0
Toraa, npupaBHSAB ciaraéMble MpU L , UMEEM:

f(Yo(t)’t):O
d;_zl'o:f(YO(O)'FHo(T)’O)_f(yo(o)’o) F%(©)+1:(7).0) o)

\Ho (O) = yg —Y (O)

.

ITpu ,ul [IOJIy4aeM:

55



o
=
Il
—y
< <
—_
o
—~
o
~
+
—
—~
=
~
o
~
=
—~
=
~
+
O
—~~
=
~

7) =] £(¥5(0)+1T,(),0)— f(¥5(0),0) |(v,(0) + rys (0)) +

[ft(VO( )+ 0(7)’0)_ ft’(VO(O)’O)}T

(11)

OOpatum BHUMaHue, 4TO niepBoe U3 ypaBHeHui (11) sto anredbpanyeckoe

YPaBHEHHE, U3 KOTOPOrO HAXOAUTCS Y, IPHU YK€ U3BECTHOW QYHKIUH Y, .

J111s1 TIPOU3BOJILHOM CTENEHU £I' UMeeM:

Y, (t) — onpeoessiemcs U3 aneeopauiecKko2o ypasHeHUs.

A £1(y,(0) + 1, (), 0)TL, () +Q (7)

dr
1T (O) =Y -, (0)

N

MOoO3XHO J10Ka3aTh, 4TO

Sooorn (o

[Tpumep.
ui—i’—y—yz (0<t<1)
) (12)
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2
PemenusiMu BoIposkaeHHbIME ypaBHeHust Y — Y =0 sBistorcst GyHKIuu

y(t)=0 u y(t)=1. YcroitunpbiM 13 HUX GyAET TONBKO BTOPOE PEIICHHE, T.K.

of
B 9ToM ciaydae — =1-2y<0. Cucrema mna ompenenenus I1,(z) Oyzer,

cornacHo (10), BEITIISIIETH Tak:

dIl
dTO :(1+1'IO)—(1+1'[0)2
1
HO =0 =75
HuddepeHnnanbHoe ypaBHEHHE SIBISIETCS ypaBHEHHEM bepHyiuu.
1
Pemennem cucrempr Oymer Gynkmua 11 (2') = —1 —.  Tlomydaem
+€

ACHMITTOTHYECKOE TIPUOIMKEHHE peleHus 3a1aun (12) B Bue:

1
Y(t)=m+9(ﬂ)

I[JI?I IMOJIYUCHUA CICAYIOIMICTO YJICHA PA3JIOKCHUA BBIITUIICM CHUCTCMY IJIA

onpenenenns I1,(7) B coorserctaue ¢ (11).

Y: =0
3 art, = 1—2(1— L ] I,
dr 1+e”
IT, 0 =1
4e’
Ee pemenuem Oyzner gpynxuus 11, (z‘) =—Q.
(1+ eT)

[Tonywyaem npubnmxeHHoe peuieHue 3agauu (12) ¢ TOYHOCTHIO (_)( ,uz).

OHO UMeEEeT BUI:
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1 4eY#
y(t) B 1+e7YH +'u(1_|_et//¢)

- +0(1°)

8§2. MeToa ocpeTHeHUs

PaccmoTpum  nmaMmoBeld  TEHEPATOP

KOJIe0aHMil. CnpaBeinuBbl W3BECTHBIE

COOTHOILICHUA MCKAY 3apsaa0oM Q U Pa3sHOCTBIO

Usef,

T

IIOTCHIOIMAJIOB U na KOHACHCATOPC, TOKOM |

qCpe3 HCTO U TOKOM Ia B QHOJIHOM IICIIM JIAMIIBI;

.

Q=CU, I=Q, I,=5U),
LI =-U +MI,

31ech TOUKOM 0003HAUE€HAa MPOU3BOAHASI [0 BPEMEHHU, KOTOPOE, B CBOIO
ouepenb, o0o3HavyaeTcs kak 7, M — ompenensier L=S(U)
cl1a0yr0 MHIYKTUBHYIO CBSI3b KATYIIKU B aHOTHOU
IeNH U B IIeNH yIpaBsonei certku, |

a=sw)gJJ////
BOJIBT-AMIIEpHAsl XapPaKTEPUCTHKA JaMIlbl. byzem

CUMTaTh, YTO B HEKOTOPOM, MHTEpecyolel Hac obnacTu 3HauyeHud U, oHa 3Ta

U

. 2
xapakrepuctuka omuceiBaercs coorHomenneM S'(U)=S,-SU°. Ee Bun
MOKa3aH Ha PUCYHKE.

Uckiouas U3 MpUBEACHHBIX Bbimre ypaBHeHuit Q, |, u |, nomydaem

UCL—MS'UU +U =0. Bsoas o0Go3HaueHus iU =y, t= ' u

SO ‘\} LC

=& U cUHuTad & A0CTATOYHO MAJIbIM, BCJICACTBHUEC MAJIOCTHU PIH)IyKTPIBHOﬁ

MS,
JLC

CBs3M TMody4daeM YypaBHeHuss Ban-nep-llons, omnuceiBaromee kosieOanusi B

reacparope:
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y' —e(1-y?)y' +y=0
Ve, =Y (1)
Yo =0

31ech MITPUX O3HAYaeT MPOU3BOAHYIO 1Mo . 3amaua paccmarpuBaercs Ha

1
6osbIIoM pomexyTke Bpemenn 0 <t <T ~ Q(—j :
£

[TonpiTaemcs pemats 3Ty 3ajady IyTEM Pa3IOKEHHs B Psii IO METOAY,
U3JI0’)KEHHOMY B mpeablayniem mnaparpade. CoryiacHo oOmeil cxeme, HIIEM

PCIICHUC B BUIC!

y(t)=Yo(t)+ey,(t)+... (2)

Pemennem BeipoxaeHHoM 3anaun (mpu £ = 0) ABISIOTCS rapMOHHYECKUE

KOJIEOaHU:
Yo (t) =y’ cost (3)

[ToacraBnsst (2) m (3) B ypaBHenue (1) U TpupaBHUBasS WICHBI C

MHOHUTENEM & , IOJY4YaeM YpaBHEHHE [T ONIPEAEIEeHHs Y, (t) )

i+ Y= (1_ yoz) Yo = yOSint(l_(yo)z COSZt) =
(4)

0 2 2
1—u sint—ﬂsin&
4 4

Tak kak yacToTa MEPBOrO CJIaraéMoro BBIHYXIAIOIICH CUJIBI COBHAAAET C

XapaKTEPUCTUUYECKUM YHUCJIOM YpPABHEHUS, TO HMMEET MECTO PE30HAHCHBIN

cinyyaid. Kak u3BeCTHO Tpu 3TOM yl(t) COJICPKUT CJIaraeMoe, HEOrPAaHUYEHHO
BO3pacTatoiiee mo BpemeHu. Pemennem (4) sBisieTcss GyHKINS:
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0 2
yl(t)z 1+%(y°)2 sint+%(yo)zsin3t— l—% tcost

BunHo, uro BTOpoe ciaaraemoe B (2) 3a Bpemst t ~ Q| — | craHoBHUTCS HE
£

MaJbIM 10 CPaBHEHHUIO C MEPBBIM M METOJ| Pa3jI0KEHUs perieHus B psf (2) mo
CTENEeHsIM & (MHAaue TOBOpSA, PEryISpHBI METOJl Majoro mnapamerpa)
HEMIPUMEHUM. ODTOT Cclydyaid  SBISIETCS  TUMMYHBIM  JUIsl  ypaBHEHH,
ONMKCHIBAIONIINX KOJIeOaHUsI CO CIa0b0i HEIMHEMHOCThIO Ha OOJIBIIIOM MHTEpBAJIEC

BPEMEHHU.

Bo3nukaromue 3atpyIHEHUs, MPEOIOJIEBAIOTCS PA3JIMYHBIMUA METOAAMU,
OJIHUM U3 KOTOPBIX SIBJISIETCS MeToA ocpenHeHus. B ¢usuke ero wyacto
Ha3bIBAIOT METOJIOM MEJICHHO MEHSIONUXCA aMIUIUTy . CyllleCTBEHHBIN BKJIa/

B ero pa3zsutue BHecan H.M.Kpsuios u H.H.borosmo0oB.

Dopmanuzm memooa.

PaccmoTpum cucteMy B Tak Ha3bIBa€MOM CTaHIAPTHOM dopme:

dx ~
azeX(X,t,g) )

— —

rae X - HICKOMBIM BEKTOp, a X - 3a/JaHHas BeKTOP-PyHKIHSA. OTHOCUTEIbHO X

IIPEAIOJIaraeTcs, 4To OHa JOCTATOYHO TJIaJaKas M JOIYCKAaeT OCPEAHCHHUE 110 t,
TO €CTh CYIICCTBYeT (yHKIIHSA <X ()?,5)> , ompeaeinseMas CICIYIOIIIM

.
00pa3oM: <X(X’8)>:!m% )Z()?,t,e)dt. WuTerpan Gepercs IO SBHO
0

BXOJsIIeH nepemenHoit t mpu dukcupoBanHoM mapamerpe X . Ecnm X 27-
nepuoanyeckast GyHKIMsS MepeMeHHOH t, To ocpeaHeHHass QyHKIUs <X (7( ,5)>

onIpCACIACTCA N3 COOTHOIIICHHA!

60



<>Z(>*<,g)>=izf>2(7<,t,g)dt (6)

3ajmaya 3aKiIO4aeTcss B TOM, 4YTOOBI MOJYYUTh PABHOMEPHOE

acHMIITOTHUECKOe NpuOmmkenne pemenue X (t) cucremer (5) Ha Gosbmimx

MHTEpBANax BpeMeHu | ~ &

Pa3noxum npaByro 4acTh (5) M0 CTENEHAM NapameTpa & :
X(X,t,6) =X (X,t)+&X,(X,t)+... 7)

OyHKIHAH Xi (t) OylieM B JalibHEHIIEM CUUTATh 2M-NIEPUOJUYECKUMU TI0

nepeMeHHOM t 1 COOTBETCTBEHHO MOJIb30BAThCS CpeHUMU BUa (6).

PaCCMOTpI/IM 3dMCHY:
)7=§+801<§ )+8U (E ) (8)

3uece  &(t) Memmenmno  Memstomiasics  GyHkums  nepemeHHod i,

YAOBJICTBOPAOIIAA CUCTEMC BHUIA:

d—§=8/&1(§)+82/&2(5)+... (9)

CucteMmy (9) Ha3pIBalOT yCpeaHEHHOH cucTemMor i cucteMsl (1).
Cucrema (9) mpormie ucxoaHoi cuctembl (5) Omaromgaps TOMY, YTO SIBIISETCS

aBTOHOMHOM, T.€. €€ IpaBas 4acTh HE 3aBUCUT OT 1.

Oynkmun U (f,t), A (f) HOJJICKATh  OMpeneNieHuto.  YToObl
npeacraBieHue  (8)  MOrjgo  CIyXUTb  HMCTOYHMKOM  PaBHOMEPHBIX
ACUMIITOTHYECKUX MPHOIMKEHUN TIepeMeHHor X, QyHKIUH U, (f,t) JTIOJIKHBI

OBITH OI'paHUYCHHBIMHU.
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A(E ) nojacrasisieM (8) B

—

Hns omnpeneneHuss (QpyHKIUN Ui(f,t) U

cuctemy (5). YuuteiBas (7) u (9), nonyuyaem:

g p +&° 26‘)21(5 t)+82X2(§ t)+82 85, 1(5,t)+53

[TpupaBHUBAs YWICHBI TIPH £ U £~ , IMEEM

Z\(S)+%=>E(E,t) (10)

o o (Et)

AG)+———=

D XK(E) L aw(Ey)

=Xo(E)r e (E) -7 AE) = (S )
st onpenenenuss u3 onHoro cootHomeHnus (10) nByx QyHkiui Ul(f ,t) u
A (5 ) MPEICTaBUM MPaBYIO 4acTh (10) B BUJIE:
< ( > ( £ <ﬁ (g_é )>) rae cpenHee 3HaYCHUE
< >— — _[ X t)dt me saBucur sBHO OT t.

[Tocne sToro nmpupaBHUBaeM ApPYT APYTYy PYHKIUHU, HE 3aBUcALME OT [ u

AlE)=(x(e)
ou () X (£.)-(%(€))
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Otcrona

—

u(&t)

Il
o'—..—r

(Xu(&:t) (X (&)t (12)

(mpy WHTETPUPOBAHUU TIepeMeHHass ¢ paccMaTpUBAETCs KakK Iapamerp).

WurerpupoBanue mo t 27 -nepruoandeckoil GyHKIMK ¢ HYJIEBBIM CPEIHUM JaeT

OrpaHUYEHHYIO0 QYHKIUIO U, (KE : t) :

[Tocne ompexnenenns U, (gg ,t) 51 A (5 ) paBeHnctBo (11) mpuobperaer Ty

e CTPYKTYpy, uTo u (10) ¢ uzBecTHO mpasoit yacteio D, (5 ,t). [TpupaBuuBas

OIATH YJICHBI, HC 3aBUCAIIIMC OT tu 3aBUCAININEC OT t (1)YHKI_[I/II/I, I[MOJIy4acM:

A(8)=(o.(1)

# ~b,(2.)-(, ()

—_—

Orcroa HaxoUTCA OrpaHndeHHas pyHkuus U, (cf,t) U T.J.

Ilepsoe npubnudicenue:

Ot6paceiBas B (8) wieHbl MOpSAKA & W CIAEAYIOIMME U 0003Hayasi yepe3

£, pelleHre CHCTEMBI

—

% = A (€) (13)

dé  dé&
nonyqaeM: d_f_d_é;l ~ & 2. MO)I(HO O)KI/II[aTB, yTO HA 6OJ'H>HIOM I/IHTepBaJIe

— —

1 -
T ~ — Oyzmer cipaBenymBa onjenka & — & ~ & . Tak kak pu MOACTaHOBKE &
g

BMecTO & B (8) MOTpenIHOCTh MOPSIKA £ BO3HUKACT yXKE B IEPBOM CJIaragMoM,
TO yICpP)KUBATh 4ieH &U, U Cclexylole He uMeeT cMbicna. DyHKImo ):(1 — 921 :
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Il KOTOpOH X=X1=X— 51 ~¢&, C€CTECTBCHHO  HAa3bIBaThb  IICPBBIM

npuoOmmKeHneM a1y, cucrtemy (13) — ycpelHEHHOH cHCTEMON HepBOro

NpUOJIMKEHUSI, a COOTBETCTBYIOIIYID TEOpEMYy, B KOTOPOM MPUBOAUTCA
000CHOBaHHUE ATOM OIIEHKU, TEOPEMON O MEPBOM MPHUOIMKEHUU NI CUCTEM B

CTaHIapTHOH (opMme.

Ynyuwennoe nepgsoe npubnuscenue:

ITOT HECKOIBKO )I(apFOHHBIﬁ TCPMHH OTHOCUTCA K KOHCTPYKIIMH BUA:
X =&+t (&), (14)

rae U, (cfl,t) onpenensiercs: popmyoit (12), TO €CTh HAXOAUTCS MOCIE PEIICHUS

YCPEIIHEHHOM CUCTEMBI repBoro npudamxenus (13).

[TonstHo, uto ecmu X—& ~&, To © X—X ~&, T.e. X, He Jaer
00JTbIIY 0 TOYHOCTH it X . Ho ¢ ¢u3mueckoil ToUku 3peHUsi ObIBAET MOJIC3HO

HE TNpeHeOperatb OBICTPOM NONPaBKOM &U; K MEIJIEHHOW COCTaBIIAIONICH

HpPI6JII/I)KeHHOFO pCUICHUA.

Bmopoe npubnusicenue:

Ot6pachiBast B (8) WieHbI MOPAIKA £° U CHEAyIONHe U 0003Ha4as yepe3

&, pellieHne CHCTEMBI:

—

%zg/;(gz)wzg(gz) (15)
dé _dg
dt dt

mojay4yacm ~ 83 . TOF)Ia MOXHO OXHAaTb, YTO Ha 0O0IBIIOM

1 T
uHTepBase T ~ — Oyner cupaseumBa onenka & —¢&, ~¢°.  Teneps npu
g

nosxcTaHoBke &, BMecTo & B (8) B IEPBOM CJIaraeMOM BO3HUKAET ITOIPEITHOCTD

2 20
nopsiika £°. 3Ha4MT, yIep:KUBaTh 4ieH £°U, W claenyrolue He UMEET CMBICIA.
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Oynkumio X, =&, +8U1(§2,t), U1 KOTOPOi X — X2 = X—&, —gﬁl(é?z,t) ~ &,

€CTECTBEHHO Ha3bIBaTh BTOPHIM MpUONIKEHHEM g X , a cucremy (15) —

YCPEIHEHHOM CUCTEMOI BTOPOTO NPHOIMKEHUS.

Yayuwennoe emopoe npubnudsicenue:

YJ'Iy‘—II_HCHHBIM BTOPbIM HpI/I6J'II/DKeHI/IeM Ha3bIBACTCA KOHCTPYKI WA BUIA:
= = . 1 2— ([ #
X, =&, +gul(§2,t) +&°U, (éz,t)

G v 2
Omna, onsTh K€, HE IOBBIIIAET IOPANOK MOTPEIMHOCTH X — X, ~ &°, HO
y4IUTBIBaeT QYHKIHUIO U,, KOTOPYIO MOKHO HAWTH MOCIIE PEIICHUs OCPeIHEHHOM

CUCTEMBI BTOpOro npudnrxenus (15).

[TocTpoeHue nanbHEHIINX NPUOIMKEHUI MPOCMATPUBAETCS YK€ BIOJHE

OTYCTJIMBO.

Ilpumep

B 3agaue (1) MeTon ocpelHEHUST MOKET ObITh UCMOJIB30BaH CIEAYIOIUM

oOpazom. CrHauana nepenwuiiem 3a7a4y (1) B Buje CUCTEMbI YpaBHEHUI TTEPBOTO

HOpsiIKa:
y'(t)=2(1)
'=¢g(l1-y*)z—
[#=cta- ooy
Yo =¥
zl ,=0

Ilpn e=0: y(t)=acos(t+0), z(t)=-asin(t+0), a=const,

0 =const.

[Tpu & # 0 Oynem uckaTh peuicHUEe B BUJIC:
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a(t)cos(t+0(t))

{y(t)
z(t)=-a(t)sin(t+0(t))

[Toacramsis (17) B cucremy (16), mociae HECIOXKHBIX TpeoOpa3zoBaHUM

(17)

MoJIy4aeM CIeaylomnyo cucremy AuddepeHranbHbIX ypaBHEHUH IEpBOIrO

ImopsaakKa:
0 2 3
a=g 2| 1-2 —Ecosz(t+¢9)+a—cos4(t+¢9)}
27 4) 2 8
[ 2 3
lo=¢ 1% sin2(t+¢9)—a—sin4(t+9)}
2 4 8
a‘|t:0:y0 ! 9|t:O=0
Oo6o3Havas
0
) G
0 0
a 1_a_2 —Ecosz(t+0)+a—scos4(t+9) (18)
g 2 4 ) 2 8

o

MOJIy4aeM 3aJa4dy

KX (%1), % =% (19

Cucrema, Bxogsmias B 3Ty 3ajady, SIBJIIETCS CUCTEMOW B CTaHAAPTHOMN

dbopme, y1oOHOM AJI1sI MPUMEHEHHUSI METO1a OCPETHEHUS.
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B paccmatpuBaeMoM npumepe Bce X, st 1> 2 paBHbl Hyiio. [ToaTomy

X(&1)=X1(S,1).

Cpennumu no { 3HaueHHUsIMU NpaBbIX yacTed (18) ABISIOTCS WX HYJIEBbIC
rapMoHukH. O003HaYMM KOOpAUHATHI &1 Kak a, 6 . [lomydaem ocpeqHEHHYIO

CUCTEMY MEePBOT0 NPUOIMKEHHUS:

el

dE _d(&)_ gz 5(1—5—2) (20)
d_tlza[e_lj:g<xl(§l)>:g 2|7 4

B xoopnunarax cucrtema (20) umeet BuA:

(21)

§1|t:0 = yo’ 91"[:0 =0

WNurterpupyst ypaBHeHue (21) pasneneHreM TEpeMEHHBIX MOJIydaeM
nepBoe MPUOJIMKEHUE s )?(t) - petieHre & OCPEAHEHHOH CUCTEMBI IIEPBOTO

npuommxeHus (20):

2
a(t)=—Le— , =0 22)
\/yo +(4_ YO) e’
Bo3Bpamasce K UCXOAHOU NMEPEMEHHOMN y(t) ypaBHeHus1 Ban-nep-Ilons
1 o00o3Hayasg yepes Y, (t) =a (t)COS (t +0, (t)) ee IepBoe HNPUOIMKEHHE,
HIOJTy4aeM, 9TO pu t—>o0 Y, (t) -y, (t) = 2cost,
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A (t) — Yy, " (t) =-2sint. Takum  oOpasoM, wu3  Qopmyasl  (22)
HEIIOCPE/ICTBEHHO BUHO, 4TO Ha (ha3oBoil miockoct (Y, Y') MHTerpambHbie

KpuBble Ban-nep-11oms ctpemaTes K OKpyKHOCTH y2 + y'2 =4.

MHuoxecTBa Touek Ha (ha30BOM IJIOCKOCTH, MPUTATHUBAIONIME K cede
WHTErpajibHblE KpPUBBIE, HA3BIBAKOTCA ammpakmopamu. B paHHOM ciydae
aTTPAaKTOPOM I MHTETpalbHbIX KPUBBIX ypaBHeHUs Ban-nep-Ilons B mepBom
NPUOJIMKEHUN SABJISIETCSI  OKPYXXHOCTh pajuyca 2 ¢ IIEHTpOM B Hayaje

KOOpOHWHAT.

He mnpuberas x TouHoMy pemieHuto (22), CTallMOHAPHYIO AMIUIUTYIY

MO>KHO HAaWTH KaK TOYKH MMOKOsI ypaBHeHUs (21), T.e. Kak penieHus: ypaBHEHUS
a(, a
122 1=0
2 4

Taxux pemenus 8a: &, =0 u a, =2.

o( X, (&
JI7st IepBOM TOYKH HMEEM: % =1 > 0. Jlnst BTOpOIA:
o( X, (&
oa, | 2 2

CrnenoBatenbHO, cTanuoHapHas Touka &, =0
HeyCcToiuMBa, a TOuKa & =2 - YCTOMYMBA.

HNHTerpanbHble  KpUBBIE YAAINSAKOTCS OT Hadaia

KoopAuHAT (a30BOM IMJIOCKOCTU W MPUTATUBAIOTCS K

OKPYKHOCTH paaunyca 2.
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Paccmotpum Teneps nepsoe ynyuwennoe npubausicenue. OHO UMEET BUT

(14), Tne xoopauHATHI é,?l onpenensoTcs Gopmyiaamu (22), a ypaBHEHUS IS

_ u1a
Ul = BBITJIAOAT TaK:
ule

3

—%cosz(t+671)+

foe) |._9’|

. cos4(t+4,)
u - -

Elle_<xl>: 1. a?). _.a . _
{—(l—TJsm2(t+91)—?sm4(t+6?1)

2

HNuterpupys no { npasbie 4acTH, Nojy4aem:

=3
gi—zsin 4(t+§1)—%sin 2(t+6,)

Ula]
( =| _, N ., B (23)
U, 21_2C084(t+01)_Z[1_%]C082(t+91)

Bmopoe npubnusicenue BeruucnsaeTcs, ucxosa u3 cucremsl (15). B csizu ¢

TEM, YTO BBIKJIAAKHW ITIOJYHarOTCs AOBOJIBHO T'POMO3JAKHMMH, BBIIMHUIICM Cpasy

TIOJIy4aloIHecs: ypaBHeHUs Juisl onpeseneHus a, u 0,:

( = =2
52':82 1_ai
2 4
<

— - 24)
= 1 a’ 73t (
0, =—&"| = -2+ 2
8 8 256
Bropoe npuOIMKEHUE, COTJIACHO (16), MMEET BU/]I

a, (t) =a,+eu, , 6, (t) = 6_?2 +¢&U,,, rae a, u 0, onpenessroTcs: CUCTEMOM

(24), a komnoHeHTH! U, yka3aHsl B (23).

VpaBHeHue i1 a, B (24) He M3MEHWIOCH II0 CPABHEHUIO C IIEPBBIM

NpUOIIIDKEHNEM, II09TOMY C TedeHHeM BpeMeHH u a, — 2. Ilpu stoMm
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— 1

ypaBHEHHUE IS 52 npuHAMaeT Bua: 0, = ——682. Orcrona, 52 = —Egzt +6,.

[Tony4yaem cTanroHapHOE pelICHHUE:

8, (t) = 2—§sin 2(et+ 6?0)+%sin 4(wt+6,)

&) ¢ & (25)
0, (t)=| ,——t |+—=cos2(wt +6,)+—=cos4(wt +6,)
16 4 8
2
£
ew=1-—.
v 16
[ToncraBnss bopmybl (25) B BBIPAKEHUE

y (t) =a™"" (t)cos(t + 6" ) ¥ yAepXKHBas cllaraeMele MopsaKa &,

[mojiydacM BTOpPOC HpI/I6J'II/I)KeHI/I€ CTAallMOHAPHOI'O K0JICOATEILHOIO peUICHUA

ypaBHeHus Ban-nep-Ilomns:

2 2
y(t)——=—>y""(t)= 2cos£(1—f—6]t + eoj —%sin 3{[1—5—6} + 90]

Ha ¢a3oBoii mIOCKOCTH aTTpakTop MPEACTABISIET T

yl
. N\ )
co00l OKpYXHOCTh C IIEHTPOM B HyJ€ WU pPaJaNyCcoM, (ﬁ \
i
J
/
%

PaBHBIM 2, KIIOMSTYIO» Ha BEJIMUUHY ~ & . \\
AN
Takum 00pa3om, yTOUHSETCS BHU]I aTTPAKTOPA. |

>y
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§3. Meroa BKbB (Benneasi, Kpamepca u bpusuiodna)
[Tycts TpeOyercs HalWth (GyHIAMEHTAIBHYIO CHCTEMY peIIeHUI

YPaBHEHHUS

d®y(x

78 )+[Q X)] y(x)= (1)

Ha oTpe3ke a< X <D, mpu 3TOM K - HEKOTOPOE Majoe YHCIIO, a Q(X) >0 -

3aJlaHHasg  JBaXJbl HemnpepblBHO auddepeHuupyemas ¢yHkuus. Takue
YpaBHEHHUS BO3HMUKAIOT, HAIlpUMEpP, B KBAaHTOBOW MEXaHMKE, Korja Tpedyercs

pewmnth ypaBHenue llpenunrepa, npu ycnosuu uto E >U (X):

PV (U w(x)=0

2m  dx?

Pemenne BeipokaeHHoro ypasHenus (1) (mpu 4 =0) ToKmECTBEHHO

paBHO Hymto. [ToaTOoMy, mpexie Bcero, Hy>)KHO Tak mnpeoodpaszoBath (1), 4ToObI
MOKHO OBIIO BBIICJIUTH OCHOBHYIO YacCTh PEIICHUsI, BOKPYT KOTOPOH CTPOSATCS
JIOTIOJIHUTENIbHBIE aCUMIITOTUYECKU Malible J00aBku. (i 3TOro B ypaBHEHUU

(1) cnenaeM 3amMeHy UCKOMOU (PYHKIIUH:

y(x)= 2)

Torma

_Pu 29 Q. 9Q
\/_ Q¥ 2Q3/2 Q%2 - (3)

Tenepb caenaeM 3aMeHy apryMeHTa:

t==[Q(¢)d @
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[Ipu sToMm:
Q QY , #Q
Py = ¢, ; 1 P = Pu (;j T # (5)

[Toncrainsst hopmyinl (2) — (5) B ypaBHeHue (1), mpeobpasyem ero K BUIY:
2
0o+ (1= 1P (x))p =0 ©)

rie mepeMennsie X W t cBasamel cootHomenueM (4), a P(X) - mpexcrasiser

co00# U3BECTHYIO HETIPEPHIBHYIO (PYHKITUIO:

P(x)= e 3%
2Q°  Q

BeIposkaeHHBIM pelneHreM ypaBHeHus (6) (mpu ycmosuu, uro 4 =0)

oyner pyuxuus @(t)= Asint+Bcost. Cpasuum ¢(t) u @(t) Takue, uro

o(a)=9(a). ¢'(a)=7'(a) (7)

Paccmotpum  pasuocth  (t)=¢(t)—@(t). Tlomcrasmas r(t) =

ypaBHeHuEe (6), ¢ y4eTOM TpaHUYHBIX YCIOBHH (7), MOJYYUM CIIETYIOIIYIO

3agauy Kommu:

{ru +r=u’P(r+o)
r(0)=r'(0)=0

Ee pemenune gaetrcs hopmynoii:

yzjr Slnt 2' (r)dr+F(t) (8)
0

t

rae F(t)= yzjgﬁ(r)sin(t —-7)P(r)dr

0
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O603HauNM sup ‘P ‘ Py, sup |(EP|:C1, (b—a) sup Q=0C,,

a<x<b a<x<b a<x<b

sup ‘r(x)‘:ro.

as<x<b

C
U3 dopmynsr (4) cmexyer t<—%. C yuerom »5toro, us (8) mnomydaem

|r(t)| < 1°tr P+ 4tC < ur, PC, + 4C,C,. Drta oueHKa BHITIONHEHA Jist

TH000T0 r(t), cnemoBarenpHO, W JUIA r,. Ilomysaem, 4TO
uC.C
Ih < ———=2—=0(n).
1-uR,C,

Takum 06p330M, C TOYHOCTBIO OO YJICHOB IOpsAnKa [ ¢)YH,I[aM€HTaHI>HaH

cucTtema pemieHud ypaBHeHus (1) OyJeT BRITISIETh TaK:

Asm( jQ d§j+8cos[ jQ d§]+0 (1)

Q(x)

y(x)=

JIeCTBYs aHAJIOMMYHBIM 00Pa30M, MOYKHO IIOJIYYHTh, YTO I/ YPABHEHUS
2 2
Ko () =Q% (x)4(x) =0

dbyHIaMeHTallbHAs CUCTeMa pelIeHU OyeT UMETh BUJI

Aexp( jQ d§]+BeXp£ jQ dg}o ()
Q(x)

#(x)=
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I'naBa 4. HekoTopblie HOBbIEC 00beKTHI MATEMATHYECKOI0 MOAETMPOBAHUS

§1. BeiiBier-ananaus.
PaccmoTrpum  mpumep, y
n3 KOTOPOM IIOHATHO ) ——
CONEPIKAHUE M CMBICI Maynzepa
BelBieT-anann3a. C Hadana
17 Beka 10 HACTOSIICE
BpeMsl aCTPOHOMBI  BEAYT

Ha6JIIOILeHI/I$I 3a NIBMCHCHHCM

1 ta\

COJIHEUHOM AKTUBHOCTH, , , , ,
1610 1700 1800 1900 2000 -

n3y4asd IsITHa Ha COJIHIIC,

MOPOKJICHHBIMH BBIOPOCAMU IJIA3MBI. Puc. 1

O6o3HauuM cpenHerogoBoe konuuectBo msreH kak f (). Xapakrep sToit

¢GyHKIMM u300paxkeH Ha pucyHke. ConHeyHass AaKTUBHOCTb MEHSETCS, C
nepuoaoM mpuMepHo B 11 nmer. Ho 3T0 W3MeHeHMe HeE SBISIETCA CTPOTO

NCPpUOANIHBIM.

Bo3nukaeT Bompoc — HUMEIOTCS JIM KoOJeOaHUs APYruX MEPHOIOB?
Hanbonee mpocToil MmyTh MOMCKAa OTBETAa HA IOCTABJICHHBIM BOMPOC — ITO

IPHMEHUTD Pa3JIoKeHHe B crieKTp Dyphe:
t, _
F (a)) = J‘ f (t)e""tdt (1)
t

rae t, Havyano HaOmoneHuit -1610 roa, xorma Nanmuneit nanpaBun Ha CoJHile
CBOIO TOA30pHYIO TpyOy, a t, Hactosmee Bpemsa. OqHAKO TakoW MyTh WMEET

CYILLIECTBEHHbIE HeoCTaTKU. [lepBbIii U3 HUX COCTOUT B TOM, UYTO Pa3OKEHUE
(1) MoxeT naBaThb MCKa)K€HHbIE pe3ysibTaTbl. Kak M3BeCTHO, mpeoOpa3oBaHUE

®dypbe OyJeT CTPOruM, eclid OpaTh MHTETpaJl 10 BCEH ACHCTBUTENBHON MPSMOM:

F(o)= T f(t)e'tdt

—Qo0
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B CBsI3M C OTCYTCTBHEM JIAHHBIX PUXOAUTCS OpaTh HHTETPAIT TI0 OTPE3KY
(4,,5,), a He mo Bceill uMCIOBOM NpPAMOi, YTO AKBMBANEHTHO BHECEHHIO
uckakeranss B f(t). Tlockomeky mpeobpasoBanme Dypbe  ABISETCS
HEKOPPEKTHOM 3a1aueii, TO 3TO MOKET IPUBOJUTE K OOJIBIINM ITOTPEITHOCTSIM B

OIpCACICHNU F (CO) , B TOM 4YHCJIC K ITOABJICHHUIO JUITHHUX ITMKOB, HC HMCIOIINUX

1o co0oi (hU3NYECKOro CoIepIKaHMUs.

BTopoii He0CTaTOK COCTOUT B TOM, uTO QyHKIus F (a)) XapaKTepu3yeT
CIICKTPAJBHBIA COCTAB Cpa3y 3a BECh MEPUO/I HAOIIOACHUSI, KaK Obl B CPEIHEM, a
Ha puc.l BHAHO, YTO MHTEHCHBHOCTH KoyneOanmii f (1) Memsuace oT Beka K

BeKky. IlpencraBisieT WHTEpec BONMPOC O TOM, KaK MEHSIOTCA YacTOTHBIC

XapaKTePUCTUKU C TCUCHUEM BPEMEHH.
B 1980 rogy Mop:e npeasioxui cieayroliee npeoopa3oBaHue:

L

F(@to)=] f () (atyt)dt )
:

KOTOpPOE CTajo Ha3bIBAaThCSA BEHBIET-MpeoOpazoBaHueM. Mopiie HCIOIb30Bal

sapo y(o,ty,t) = gl i)galt-t)” Oynxuust y (o,ty,t) npexcrasuser coGoii

a-alt-t )

BOJTHOBOH MakeT ¢ orudaromei , KOoTOopasi yObIBaeT Npu OTKJIOHEHUU t

or t,. Ilostomy dyHKIHS F(a),to) JaeT MpEeICTaBIEHHE O YaCTOTHBIX
cocraBstorx ¢yuknuu f (t) B okxpectHoctn t;. Kpome Toro, orcyrcrBue
urdopmarmu 06 f(t) mpu t ¢ (tl, tz) HE !

CKa3bIBaeTCsS Ha F(a),to), npu by 100 mer| ~~ A

JAJICKUX oT KOHIIOB HHTCPBAJa

WHTETPUPOBAHUS. ~ b
Ha pucyHke npuseneH npumepHbIn o o
BU]I [10JIy4aeMOro pe3yibrara.

11 JIET-W AANVIMWMw—-—-—MA——-—-\v__'

3aTeMHEHHE  OMNpENEeNsieT  BEIUYUHY |ty

1610 1700 1800 1900 2000
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‘F(a),to )‘ BugHo, uto kpome mepuona B 11 neTr B CONHEYHOM AKTUBHOCTHU

IPUCYTCTBYIOT U JPYTHE MEPUO/IbI, CAMBII CYIIECTBEHHBIA U3 HUX nopsaka 100

JeT. AMIUITUTY/Ia CIEKTPAIbHBIX XapaKTEepUCTUK MeHsaeTcs. Hanpumep, 3aMeTHO

MMagCHUC, IMMPUXoaAIccCsa Ha MUHUMYM MaszLepa.

CunbpHOU cTOpOHOIN mpeoOpazoBanuss Dypbe SBISETCS MPOCTOTAa €ro

O6paTHOI‘O HpCO6p&30BaHI/I$[. Mo>xHO ITIOKa34aThb, qTo JJIs1 BCUBIICT-

npeo0pa3oBaHus TAKKe CYIIECTBYET 00paTHOE, ecliu

J' l//(a),to,t)dt =0

—00

Y Mopne ycmoBue (3) crTporo He
BBITIOJTHAETCS, HO TIPM  MaJlbIX 3HAYCHUAX
Ko3(duiieHTa & BBIMOIHIETCS MPUOIHKEHHO.
VYcnosue (3) cTporo BBINOJIHAETCS, HANpUMED,
JUIsL  caeayromed  (QyHKIUW, TMPO3BAaHHOW 3a

dbopmy rpaduka «MEKCUKaAaHCKOU HIISATION:

2
~ 2 ()

v(@t,t)=(1-0*(t-t) e 2

(3)

<

[Tpu BeImonHenuu (3) oOpaTHOE MPeoOpa3oBaHUE CYIIECTBYET, HO BUJ] €T0

JI0CTaTOYHO CIOKHBIN. [TycTh W =1/ (a)(t —t,)) n usBectHa pyHKiMs

W (aty)= 1

Vo,

WMEET BUI:

J- f (t ) a (a) (t-t,) ) dt. Torma o6patHOE mpeoOpa3zoBaHue
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Takum 00pa3oM, JOCTOMHCTBOM pPAacCMAaTPUBAEMOTO TMOAXOMA SIBIISIETCS
MMEHHO MPSIMOE BeUBieT-npeoOpa3oBaHue, naroliee 0oJblIyr0 HH(HOPMAIUIO O
CHEKTPaIbHBIX XapaKTEPUCTHKAX, YeM IpeoOpazoBanue Oypoe. B 10 ke Bpems,

KOPPEKTHOCTh MpeoOpa3oBaHuss (2) TO3BOSET WCIOIB30BaTh (PYHKITHIO

F (a),to) JUTSI TIOJTYYCeHUS TOMOJIHUTELHON nHpopmarnmu. PacecMmoTpum 310 Ha
CJIEAYIOIIEM ITPUMEPE.
Jnst  ueHTpanbHOM — AHIJIMM — HMMEIOTCA  JaHHble  HaOMIOJeHUM

CPEIIHEr0JI0BOM Temmeparyphl, HauuHas ¢ 1659 roma. OHM UMEIOT NMPUMEPHO

TaKoM ke BUJ, KaKoil N300pakeH Ha pUCYHKE 1.

[ToaBepruyB MMEIONIYIOCS 3aBUCUMOCTh BEHBIET-IPEOOpa30BaHUI0 ObLIa

noiydena pyukmus F (a), to). Jlost

A(w)
BeWBIIET-TIpeoOpa3oBaHus |
anagoroM @ypbe-o0Opaza Oyner :
|
t
& |
bysxums:  A(w) = J F(o,t,)dt, . :
4 I
1
B paccmatpuBaeMoM mpumepe OoHa L : !
10 jier 100 ler  T=2m/W

HUMEeT BHJ, T[OKa3aHHBIM Ha

pucynke. OOHysIsT QYHKIIHIO A(a)) JieBee MyHKTHpPa Ha PUCYHKE (OTCeKasi TeM
caMbIM KOJIeOaHUsI BRICOKOM 4acTOThI - nmopsiaka 10 jet) u coBepiast 00OpaTHoe
npeoOpa3oBaHue I OCTaBIICHCS YacTH  (PYHKIIUU A(a)) , ToJy4aem

npeaACTaBJICHUA O MCAJICHHBIX U3MCHCHHUAX KJIMMATA.

bruio MOJIYYEHO, yro T
MOTEIJIEHNE HAYAJIOCh 10 Hayana

VHTCHCUBHOM  WHIYCTPUAIBHOM

JACATCIBHOCTH  4YCJIOBCYCCTBA, 4a

3HAaYUT OHO HE CBA3aHO C Mumnvym
3arpsi3HEHUEM OKpY KaroIIei Maynepa
Cpenpbl.
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§2. ®Ppaxragbl.
@pakTanbl — 3T0 CTPYKTYPBI, COCTOSLIUE U3 YACTEHM, KOTOPhIE B KAKOM-TO
cmbiciie mogoOHs! neomy. Eme B 1883 r. I'eopr KanTop omucan MHOXECTBO,

KOTOPOC TCIICPb HA3BIBAOT MHOKCCTBOM KaHTopa WJIN IIBIIIBIO KaHTopa.

PaccmoTpum 0Tpe30K €IMHUYHOM JIMHBL. Pa3nennm ero Ha Tpu 4acTu U
YAQINM U3 HErO OTKPBITYI0 CPEIHIOI0 4YacTh, OCTABUB €€ KOHLEBBIE TOYKH.
[Tonyunm aBa oTpeska JIUHOM 1Mo 1/3 kaxawlii. BeipexkeM cpeHIon TpeTh U3
KKJOTO OTpe3ka W OyaeM MOBTOPSTH ATy MPOILEAYPY ¢ BHOBb MOJYYCHHBIMU

OTpe3KaMu 710 OECKOHEYHOCTH.

Oramnsl NOCTpoeHUs1 MHO)KecTBa KanTopa

[lomyyeHHOe B  OECKOHEYHOM TMpefelie  MHOXXECTBO  Ha3bIBAIOT
MHOkecTBOM Kantopa. OHO o0nagaer psaoM HEOOBIYHBIX CBOMCTB. ITO
MHO>KECTBO MMEET MOIIHOCTh KOHTHHYYMa, B TO BpPEMsS KaK €ro Mepa paBHa
Hymo. Kaxneiii w3 ¢dparmeHToB MHOXecTBa KaHTOpa BBIMISAMT, Kak Bce

MHOKECTBO B II€JIOM. [ 0BOPST, YTO TaKOE€ MHOKECTBO CAMOIIO00HO.
B 1886 r. Kapn Beliepmrpacc mocTpousa HeNpepbiBHYIO (YHKIIMIO, HE

HMEIOLLYIO TIPOM3BOJHOH HU B OzHOM Touke: Y(X)= Z A" COS( B”ﬂ'X) rae
n=0

0< A<1, a mpousseneune AB pocraTouno Beimko. I'paduk sroi GpyHKIUM —
OECKOHEYHO u3JIoOMaHHass JuHusA. [lpu yBenmueHun HO0OM y4acTOK ITOU
KPUBOM BBIMJISIAUT TOJOOHO BCcel KpUBOW. MOXHO MNOCTPOUTH MHOKECTBO

pazHoo0pa3HbIxX GyHKLIMMA, MTOA00HBIX (GyHKIMK Beleprpacca.

B 1904 r. Xenre ¢on Kox paccmorpen HeoObIdHYIO KpuBYr. YacTo ee
IPUBOMIST B KypCc€ MAaTeMAaTHYECKOTO aHallM3a KakK MpPUMEp HEMpephIBHOHW, HO

HeauddepenupyemMoir  KpuBoil. PaccMOTpuM OTpe30K €IWHUYHOW JIJTUHBI.

78



Yaanum U3 HETO CPEIHIOI0 TPETh U JIOMOJHUM JIBYMS OTpe3Kamu JyiuHou 1/3.
OTpe30K MpPEeBpPaTUTHCS B JIOMaHHYIO U3 4 3BeHbEB. [IpUMEHUM Ty XK€ camylo
nporeaAypy K KaXJAOMY H3 OTPE3KOB JIOMaHHOW. byneM mMOBTOpSTH 3Ty

npoueaypy 0eCKOHeUHOe YUCIIO Pas.

A A

Otansl noctpoeHus kpuBoil Koxa.

MoxHO Takxke NoCTpouTh CHEKMHKY Koxa nnu octpoB Koxa, ncnonssys
B KQUE€CTBE HAYAJIbHOTO 0OBEKTA PABHOCTOPOHHHM TPEYTOJIbHUK. JIErKo MOHSTH,
YTO Takasi CHeXKWHKa OyJeT MMeTh OECKOHEUHBIN MEepUMETpP, HO OTPaHUYUBATH

OyJIeT MpU ATOM KOHEUHYIO IIOIIab.

B 1915 r. BaunaB CepnuHCKUN NOpUAYMall HECKOJBKO HWHTEPECHBIX
KOHCTPYKIIMH, Ha3BaHHBIX  BIOCJIEACTBUU ero umeHeM. [Ipokiangka
Cepniunckoro win caigerka CeprnuHCKOro MOMY4YaeTcsi U3 PaBHOCTOPOHHETO
TpeyroiapHuka. [IpoBeneM B TpEyrojibHUKE CpEIHHE JMHUA W yJIaIUM
OTPAaHUYECHHYID HMH LEHTPAJIbHYIO 4YacTb TpeyroibHuka. [loBTOopuM 3Ty
MpOIEAYPY MO OTHOLICHUIO K KaXJAOMY M3 MOJYYEHHBIX TPEYTOJbHUKOB U TaK

10 OECKOHEYHOCTH.
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AV V.Y *

Dranbl NoCTpOeHUs NPOoKIaaku CEepIHHCKOTO.

[TogoOHBIM ke o00pa3oM MOXXHO TMOJIYy4yuTh KoBep CepnuHCKOTro,
UCIIOJB3Yd B KauyeCTBE HMCXOAHOr0 OOBEKTa KBajapar. MOKHO MOCTPOUTH H

TPEXMEPHBIE aHAJIOTH 3TUX 00BEKTOB. VX 4acTO Ha3bIBAIOT I'yOKaMHU.
Takux MpruMepoB MOKHO ITPUBECTH TOBOJIBHO MHOTO.

Ecnu pasnenuts enuHnuHbii otpe3ok Ha N paBHbIX yacteii giaunoii |, To
OYEBHM/IHO, YTO JJIMHA UCcXOomHoro orpeska Oymer pasHa 1= NI. Eciu pas3outs

1

eqMHUYHBI KBagpaT Ha N paBHBEIX KBaapaTtoB cO CTOpPoHOH |=—, To

VN
2 .
IUTOIIAb UCXOAHOTO KBaapara OyaeT paaa 1= NI°. Ecnu pa3ouTh e AMHAYHBINA

1
IN

3
kBajapara Oyaer paaa 1= NI°. Bo Bcex ciydasx BBINOIHIOCH COOTHOIIEHHUE

ky0 Ha N paBHbIX Ky6OB co crToponoi | = TO ILIONIaJb HCXOAHOTO

d
NI® =1, rne d — pasmepHOCTH camononoOus. B paccMOTpEHHBIX Cllydasx OHa
BBIPAKAJIACH LIEJIBIM YHUCJIOM M CcoBNagana ¢ EBKIWIOBOW pa3MepHOCTHIO. B

o0lieM ciiydyae pa3MEpPHOCTh CaMOMNOAOOUSI MOKET OBbITh BBIUHUCICHA MO

dbopmyie:

_InN
Inl

d=

Haiinem pa3smepHocTh camomnoaoOusi st  MHOxecTtBa  KaHrtopa.

_h2_In2

d= 1 —I— ~(0.6309. Pa3mepHOCTH caMOIIOJOOHMS OKa3alach JIPOOHOM.
In= n3
3
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AHaJIOTUYHO MOJIy4aeM, 4TO TS candeTku CepnuHCKOTO

— _In_3 - In_3 ~1.5850 u mns xpusoii Koxa d = —In—4 = In—4 ~1.2618.
1 In2 1 In3

CamornofgoOHble  CTPYKTYpbl  JAPOOHOM  pa3sMEpHOCTH  HA3bIBAIOTCS

dbpakTanamu.

MHoxkecTBO  (GUBUYECKHX OOBEKTOB HUMEIOT  (paKkTaIonog00HYIO
CTpyKTypy. Tumnuunble mnpupojHble (pakTalbl — JepeBbs, pPEKU, oOIaka,
OeperoBast ynuHusA. Dpaxtanamy SBISIOTCS OEHAPUTHL (OT Tped. JACHAPOH —
nepeBo). JleHapuTonoqo0HbIe CTPYKTYPbl BO3HUKAIOT B Pa3JIMUHBIX 00JIACTSIX
GU3MKK, HampuMmep, MNpU KPUCTAUIM3AUUM METAUIOB. JleHIpuTOnoao0HyIO

CTPYKTYpY UMEET OObIKHOBEHHAsI CHE)KMHKA.

K ¢pakrambHbIM CTPpYKTypaM MOKHO OTHECTH TaK)X€ TaK Ha3bIBa€MbIE
a’poreian — TBEpPAbIE TeNa, COCTOSIIME M3 CBA3AHHBIX MEXIy Co0oil
MHUKPOYACTHUL], COCTABIIAIOLIUX >KECTKUM KapKac, KOTOPBIA 3aHUMAET JIMILb

MaJylo 4acTh 00IIEro 00beMa.

B denoBeueckoM opranu3zmMe MHOXKECTBO (DpaKTalbHBIX OOpa3oOBaHUN B
CTPYKTYp€ HbIXaTEIbHOM, KpPOBEHOCHOM ¥ HEPBHOW cHUCTeM, TryOuaToi

CTPYKTYp€ KOCTEN.

[Ipu MonenupoBaHUM (PU3HUECKHUX MPOLIECCOB C 0OBEKTAMU, UMEIOLIUMU
(bpakTagbHyI0 CTPYKTYpy, Yallle BCEr0 BCTAET BOMPOC O COOTHOIICHUH MEXAY
IUIONIA/IIMUA TIOBEPXHOCTH U 00beMaMU (paKTaIbHOM CTPYKTYpbl U €€ dacTei

MIPU PA3IMYHON MOAPOOHOCTH OMMCAHUS 00BEKTA.

§3. JlerTepMUHHUPOBAHHBIN Xa0C.

He 6bu10 TBO311S - TOAKOBA TIpOTIAja.

He 65110 MOIKOBHI — 10T 3aXpoMalia.

Jlomags 3axpomarna — KoOMaHAup yOuT.

Konnuira pazoura — apMust OExKuT.

Bpar BcTymaeT B ropoJi, MiIeHHBIX HE A,

OtToOro, 4TO B Ky3HHUIIC HE OBLIO TBO3/IS.
C.A.Mapmaxk
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MBI NPUBBIKIIA K TOMY, 4YTO 3aJIaHUE HAYaJIbHBIX YCJIOBHM — KOOPAWHAT
U HMIYJIbCOB — OJHO3HAYHO ONPEACISIET IMOCIEAYIOUIYI0 SBOJIIOIUIO
MeXaHu4Yeckoil cucrtembl. M3BecTHO wu3peuenue Jlammaca: "Jlaiite MHe
HayaJbHbIE YCIOBUA, W S Tpelackaxy Oyaymee wmupa"'. B co3HaHum
OOJBIIMHCTBA €CTECTBOUCIIBITATENEH, BIUIOTH JO HEIAaBHET0 BPEMEHH,
COXpaHsUIaCh 3Ta YBEPEHHOCTh B NPEACKA3yEMOCTH IIOBEICHUS CHUCTEM,
OMMUCBHIBAEMBIX KJIACCUYECKOW MEXaHHUKON. OJIHAKO HCCIIEIOBAHUS MOCIIEIHUX
50 ;mer mokaszayid, 4TO HE BCE TaK MPOCTO. BcerpewaroTcs 3agauu, B KOTOPBIX
IPOLIECC ~ NOJYMHEH  OINPEAEICHHBIM  3aKOHaM, HO  BBIIVDIIHAT,  Kak
OecnopsiIOUHbIA. YBEPEHHOCTh B BO3MOXKHOCTH MpPEJCKa3aHUsS TOBEICHUS
JETEPMUHUPOBAHHOW CHUCTEMBI 3WDKIETCS HAa MUHTYUTUBHOM IIPEACTABICHUU O
TOM, YTO MaJIbI€ U3MEHEHHUSI HAYaJbHBIX YCIOBUM BEAYT K MajJOMy U3MEHECHUIO
pemenusi. Ecniu 3To He Tak M Majble (QUIYKTyalldd HaYaJbHBIX YCJIOBUMI
IIPUBOJAT K CYLIECTBEHHOMY M3MEHEHUIO PEIIEHUS, TO CO3/1ACTCS BIIEYATICHHUE

O TOM, 49TO PCHICHUC XaOTHYHO.

Eme B konume XIX Beka ¢panmy3ckuii marematuk A. Ilyankape
OOHapy>KuJjl, 4YTO B HEKOTOPHIX MEXAHMYECKHX CHUCTEMAaX, 3BOJIIOLMS KOTOPBIX
ONpenesaeTcss ypaBHEHUAMH |amMuiabTOHA, BO3MOXKHO HEIpEICKa3zyeMoe
noBe/ieHue pelleHus. BriocieacTsuu ObU10 MOKa3aHo, YTo
TaKUX CUCTEM B MEXaHHUKE, Ha3BaHHBIX

HEUHTETPUPYEMBIMU, MHOTO.

IIpumep — 53TO IBOWHOW IUIOCKMM MAasiTHUK C

TOYEYHBIMM MaccaMd m; U My, H300paKEHHBIM Ha

pucyHke. JIBe crenenn cBoOOAbI — 3TO /1Ba yria @1 U @a.

Eciau OTKJIOHEHHWE OT TIOJOKEHUA

paBHOBecHs Majo, TO CHCTeMa, KaK U B - ':‘
' MWV
= | /\,v/ \ / \/ \ \/
cllydae IPOCTOTO MasSTHHWKA, COBEpIIAeT \ / / \/ / / /

peryisipHble TapMOHHYECKHE KOJeOaHUsI.

“ A ﬁ ~
e} % ' Wild A \ A\ / &
JHAKO IpU YBEJIMYECHUU IOJIHOU SHEPIUU \ /| \\ | bf \./ \/ \ ‘ / \\
tine

iV

HACTyIIacT TaKkou MOMCHT, Koraa

KOJICOAHUS CTAHOBATCA XAOTUYECKUMH.
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I[Ba OMM3KUX HaYaJbHBIX YCIIOBUA NPUBOJAT, B KOHIC KOHIIOB, K COBCPIICHHO

paSHH‘IHOﬁ JUHAMHKC ATON CUCTEMBI C ABYM:s CTCIICHAMU CBO6OI[I)I.

Jpyroi  KiacCUYECKUH  MPUMEDP
HEUHTETPUPYEMOM ~ CUCTEMBI  —  3TO
M3BECTHAsI 3aJada Tpex Ten. YacTHbIM
CIIy4aeM IIOCIICIHEN SBJISETCS JBUXKCHHUE
YacTUIbl B TPABUTALMOHHOM TIOJIE JIBYX
HETMOJBI)KHBIX TOYEUHBIX Macc. Jlaxke ecnu

NIIBUOKEHHE IPOUCXOTUT B OJIHOM

IINIOCKOCTH, TPACKTOPHA HaCTUIIbI BBITJTLAINUT

YPE3BBIYAWHO CIOKHOW M 3amyTaHHOW. OHa
TO OOBHBAaeTCS BOKPYI OJHOM M3 Macc, TO HEOXHUJAHHO IEPECKAKUBAET K
npyroii. Ha pucyHke BBepXy MOKa3aHa HadajbHas 4acTh TPACKTOPUH, a BHU3Y
ee mnponoipkeHue. [lepBoHauanbHO OJM3KUE TPACKTOPUU OYEHb OBICTPO

PacxoaAaTcCd.

OtkpeiTre, caenanHoe Ilyankape, ocranock He3amedeHHbIM. Cryctsa 70
JIET €ro MOBTOPUII MeTeoposior D.JIopeHn, pemas COBEPIUIEHHO APYTYIO 3a1a4dy
O TEIUIOBOM KOHBEKIMUHU KUAKOCTU. CIIOM KUAKOCTH KOHEYHOW TOJIIUHBI
MOAOTPEBAECTCSA CHU3Y TAK, UYTO MEXKAY BEPXHEW — XOJOJHOW M HWXKHEN —
ropsA4el MOBEPXHOCTAMHU IOANECPKUBACTCA IOCTOSIHHAA Pa3HOCTh TEMIIEPATYP.
Harperas »xuakocTb BOJIM3M AHA, PACIIUPSSICH, CTPEMUTCS MOAHITHCS BBepX. U
HAaoOOpOT, XoJioAHass BOJIM3M BepXa JKUIKOCTb — OIYCTUTHCS BHHU3.
MakcumanbHO  yrmpomass ypaBHeHMs: HaBpe-CTOKca, ONMCBIBaIOIIME 3TO
AByeHue, JIopeH1 cinydyalilHO HATKHYJICS Ha TO, YTO JaXXE CPABHUTEIBHO ITPOCTast
CUCTEMa U3 TPEX CBSI3aHHBIX HENMHEHHBIX MU epeHnanbHbIX ypaBHEHUN 1-10

nopsaaka MOKCT UMCTh PCIICHUCM COBCPIICHHO XdOTHYCCKHUEC TPACKTOPHH.

DTa cucTeMa ypaBHEHHI, CTaBIIask TEIEPb KIACCUYECKOW, UMEET BUJL:

dx d dz
—=a(y-x), —y:,Bx—xz—y, — =Xy -7z
dt dt dt
3necy mepemMeHHas X TPOMOPIMOHATBLHA CKOPOCTH KOHBEKTHBHOTO
MOTOKa; Y OMHUCHIBACT pa3HOCTh TEMIEPATYyp ISl TOTOKOB BBEPX M BHU3, Z —
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XapaKTepu3yeT OTKJIOHEHHE MNpoPuiIs TeMIepaTrypbl OT JUHEHHOro B

MpoaOJIbHOM HAIIPABJIICHHUH, BAOJIb IIPHIIOKCHHOI'O I'PaJHCHTA TCMIICPATYPBI,

a, [ u y mapamerpsl. Pemenue 3Tux ypaBHeHHH — (QYHKIMU X(t) , y(t) u

Z(t) — ONpEAeNAIOT TPACKTOPUIO CHUCTEMBI B TpeXMEpHOM (Ha30BOM

npoctpanctee X, Y, Z. Beuay onHO3HauHOCTH (DYHKIIHA, CTOSIIIUX B MPaBBIX

YacTAX 3TUX YPABHEHHI, TPAEKTOPHS ceOsl HUKOTJa HE TIEPECEKAET.

JlopeHu wuccimemoBan BUA 3TUX — Or ——r ,
TPACKTOPUI TPHU Pa3HBIX HaYaIbHBIX -
YCIOBUSX Il HEKOTOporo Habopa
apaMeTpoB (a, By ) : (0):1

OOHapyKHUJ, 4TO Tpaekropuss  °f

| A == B s /
30 LA * S 7 A /[ ]

Xa0THYCCKHUM O6p330M 6J1y>1<z[aeT nus3

FErEr |

IIOJIYIIPOCTPAHCTBA X>0 B

0

nonynpoctpadcTo X < 0, hbopmupys 20

ABC IIOYTH IINTOCKHX, IICPCITYTAHHBIX CJIOKHBIM O6p&30M CIIMpaiu.

Ha pucynke noka3zaHa mpoeKuus 3TUX CIUpaled Ha MIOCKOCTh XZ st
HEKOTOPOTO HAYaJgbHOTO YCIOBHS. TpaekTopws cHadama jaenaeT 1 o0opoT
cripaBa, 3arem 20 cneBa, 3aTem onsaTh | cnpaBa, 3aTem 4 — clieBa U TakK Jajiee.
[Toxoxxee moBeneHUE OBLIO HAWICHO W MPU JIPYTHX 3HAUYCHUSX MapameTpoB.
N3HavyanpHO OJIM3KHE KpUBBIE CUIBHO pacxonstcs. Co3maeTcsi BIEYaTIICHHE,
YTO MPOILIECC HOCUT MPOU3BOJIbHBIN HEMpPEICKa3yeMbIi XapakKTep, B TO BpeMs,

KaK Ha CaMOM JICJIC OH JCTCPMUHHUPOBAH.

[TogoGHBIE TPOSIBICHUS JIETEPMUHUPOBAHHOTO Xaoca BCTPEYAIOTCS BO
MHOTHX 3a/1auaXx MaTeMaTUKH, (PU3UKHU, OMOJIOTUH, NUHPOPMATUKH, SIKOHOMUKH,
¢dbuHaHCOB. VccemoBanre BOMPOCOB, CBA3aHHBIX C ITHMH 3a/ladaMU SBJISICTCS

OJHHM H3 HOBBIX HaHpaBJ'IeHI/Iﬁ MAaTeMaTHUYCCKOro MOACIUPOBAHNAL.
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§4. Cunepreruka.

[Ipoueccel, BIMAOMME APYr HA JIPYyra, Ha3bIBAIOTCS CUHEPIETHYECKUMU

(0T rpeyeckoro «coBMecTHbI»). Kilaccuueckue Mojielid, ONMUCHIBAIONINE TaKUE
MIPOIIECCHI, BRITIISAIAT CISAYIONIUM 00pa3oM:

OX 0°X
2P D22
ot (x.y)+D, 0z°
oy 0°X
o - Q) Dy

Hanpumep, cucrema ypaBHEeHHM

OX X O*X
—=a+yx" —(b+1)x+D,—
<6’[ v ~(b+1) X oz°

0°X
i :—yX2+bX+Dy?

2|2

UMEIOIIasl pacCMAaTPUBACMYIO CTPYKTYPY Oblila Ha3BaHa «OPIOCCETATOPOM.

MO’KHO TIOKa3aTh, YTO MPHU PasHBIX 3HAYCHUAX KOd(hdumueHToB a u b
MOTYT BO3HHMKAaTh O€rylyMe HMMIYJbChl, CTOSYME BOJHBI, ABTOKOJICOAHUS H

CTallMOHapHbIE CTPYKTYphl. McciemoBanue mOMOOHBIX IPOIECCOB SBISICTCS
OTHOCHUTEJIbHO HOBBIM HAITPABJICHUEM MOJCIUPOBAHUA.

B mnamem KypCC MbI CTAJIKHBAJIIKCh C SBJICHHCM B3dWMMHOI'O BJIMAHUA

HEJTMHEWHBIX TIPOIIECCOB JPYr Ha Jpyra ¢ O0Opa30BaHHEM YCTOWYHMBBIX
KoJie0aHui. ITO ObLIO B 3a]]a4e «XUIIHUK-KEPTBAY.

§5. Metox oOpaTHoii 3a1aum paccesiHUsA

Ypasnenue Kopmeseza - oe @puza

Ypasuenuem Kopresera - ne @puza Ha3bIBa€TCsl ypaBHEHUE

u, —6uu, +u,,, =0

(1)
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DTO ypaBHEHUE, BO-NIEPBBIX, OMUCHIBAET MPOLIECC PACHPOCTPAHEHUS BOJIH
Ha «MEJKOM BOJE», KOI/a JJIMHA BOJH COIIOCTaBMMA C TOJIIMHOW CJIOS BOJBI.
(I'aboB «BBeneHue B TEOPHIO HEJIMHEHHBIX BOJIH»); BO-BTOPBIX, OHO YJIOOHO,
KaK MOJIEJIbHOE YPaBHEHHE HEJIMHENHOr0 MepeHoca, NOCKOJIbKY YUYUTHIBAET Pl

(bakTOpoB. A UIMEHHO, PACCMOTPUM TaKHE ClaracMbie YpaBHEHUS:
u,—uu, =0

Orta kKoMOHMHaIMg onuchiBaeT 3()(eKT Bo3pacTaHusi KPyTH3HBI (PpoHTa

BOJIHBI.
Cnaraemoe uxxx OTBCYACT 3a JUCIICPCHUIO BOJIH.

Paccmotpum ypaBHeHue:
XXX

U, +u,, =0 (2)

bynem wuckath ero peiieHue B BHUJIE u(x,t):ei(mka). Iloacrasnsas

VMCKOMBIN BUJ| PELICHNS B YPABHEHHUE, I10JIy4aeM:
. 13\ ol (Wt—kx)
(lw— ik )e =0

Orkyna k = Q/W . Takum 0Opa3omM, perieHre ypaBHeHHs (2) MpeaCcTaBUMO

X
B BH/JIC: u(x, t) =e * "/, T.e. CKOPOCTh PacCHpPOCTPAHEHUS BOJIHBI 3aBHCHUT OT

€€ 4aCTOTHI.

Kpome Toro, y ypaBHeHus (1) mmeercss OECKOHEYHO MHOIO 3aKOHOB

COXpaHCHMUS:

I u(x, t)dx = const

I u®(x,t)dx = const

86



_[ u?’(x,t)+l M dx = const
2 OX

—00

UT.O.

Cxema memooa oopamuoil 3a0auu pacceaHus
ODTOT METOJ UCIHOIb3YETCS Mg IOCTPOEHUSA PELICHUS YpPaBHEHUS
Kopresera - ne ®pusa, HenuHenHoro ypasHeHus lllpenunrepa, ypaBHeHHs

T'opnona U, —U,, =SIiNU 1 HEKOTOPBIX APYrux 3anad. OH HHTEPECeH TEM, UTO C

CTO0 IMOMOIIBbIO YAACTCA CBCCTHU PCIUICHUC HEJIMHEHHOTO YPaBHCHUA K PCIICHUIO

HECKOJBKMX JIMHEHHBIX 3agad.

TexHHuecKu METOJI BeCchbMa CIIOXEH, MO3TOMY 37ECh paccMaTpHBAETCS

JIMIIb €0 CXEMa.

Pemenune mo merony oOpaTHOW 3aaud pAacCEsIHUS COCTOMT M3 HECKOJIBKUX

OTAaIIOB.

Ilpamasa 3a0aua pacceanusn

Ilycth u(x, t) - ObicTpo  yObiBatromass  (QyHKUHS, TO €CThb

j_‘jo(1+|x|)u(X, t)dx <oo.

3aoaua |

Paccmotpum pemienue ypaBHeHus, Tuna ypasHenus Llpenunrepa:
WXX+(/1—U(X,I))§[/=O (3)

Ha OECKOHEUYHOM ydYacTke —o00< X <00, CymraeM mnoreHnuan U 3amaHHON
dbynkuueir. t B ypaBHeHum (3) ydacTByeT, Kak mapameTp. TpeOyercs
ONpENeNuTh 3Ha4eHUs A, TPH KOTOPBIX CYIIECTBYET HETpUBUAJbHAS,

HOPMHPOBAHHAs HA eAUHUILY PYHKITUS |/ , yIOBIETBOPSIONIAs ypaBHEHHIO (3).
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[TockonbKy U yObIBaeT Ha OECKOHEYHOCTH, TO MpU OONBIIMX X pEIIeHUE

ei\/jx

(2) BBIMISAMT, Kak . Yci0BUE€ HOPMHPOBKHU jwmzdle MOXKET OBITh

—00

BBITOJIHEHO TONBKO mpu A < 0. DyHKIus l//m(x,t) uMeeT Ha OECKOHEYHOCTH

acummrotuky ¥, (X,t) ~C e ™, rae n°=-A1.
Pemmas 3agady (3), naxomum {C, , 77, } 10 3amanHoii U (X, t).

3agauga II

IIycte HKIIUS UMEET COCTABJISIOIIYIO e . ponn AayIas "3
7%
0eckoHeuyHocTd. WieM pe3ynbTar paccestHus 3TOM BOJHBI HAa HEOJHOPOJIHOCTH

U. MubpiMU ciioBaMH, 1O 3aJaHHOM QPyHKIUU U (X, t) U3 YpaBHEHUA

WXX+(k2—u(x,t))w:O (4)

HY’)KHO pAaCCUMTAaTh IPOXOMAIIYHD W OTPAXEHHYI 4YacTb /. XapakTep

ACUMIITOTUKHU B ATOM CJIy4ae OyJeT CIeAYOMUM:

w(xt)~e "™ +b(k,t)e™, x >0
w(xt)~a(k,t)e™, X — —00

Peas 3amauy (4), HaxomsT {b(k, t)} 1o 3ajaHHoM GyHKImEM U (X, t) ams

Bcex k. Cosokymnocts {C, (t),7,(t), b(k,t)} mHaseBaercs naHHEIME

paccesiHusl.

Oopammnasn 3a0aua pacceanus

CocraemsteMm Qynkumto B(X,t)= ZCé (t)e_”m(t)x +2i j b(k,t)eikxdk :
7 —o0

m

Hanee pemraem auHelHOe HHTErpaibHOE ypaBHeHue I enbdanna — Jleurana:
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K(x,y,t)+B(x+ y,t)+TB(y+a,t)K(x,a,t)da=O (5)

X

MoxHO IIOKa3aTb, 4YTO

0
u(x,t)=- &K(x,x,t) (6)

Takum oOpa3om, (yHKOHS  MOXKET OBITh MOCTPOEHA IO JAaHHBIM
paccesHus. OOpaTiM BHMMaHUE Ha TO, YTO BCE YKa3aHHbIC BBIIIE 3a]a4M

SIBIISIFOTCS. IMHECUHBIMU.

Ilpumenenue memooa oOpamuoIl 3a0a4u pacceaHusA K peueHuIo 3a0auu
Kowu c ypasnenuem Kopmeseza - oe @pusa.

PaccmoTpum 3amauy

{ut —-6uu +u_ =0
u(x,0)=gp(x) (7)

CymiecTByeT J0Ka3aTeIbCTBO TOrO, 4YTO s (PyHKIUH u(x, t)

ABJISIIOLLEHCS pelieHrueM ypaBHeHns: Kopresera - e @pu3a BBIITOIHEHO:

C,(t)=C,(0)e*

b(k,t)=b(k,0)e"" )

a 17,, HE 3aBUCHUT OT BPEMECHHU.

Ucnionp3yss 3TO, MOXHO HalTH pemieHus 3agaduu (7) CIEIyIOIUM
obpasom. Pematorcst npamsre 3amaun (I) u (II) ams Gysxmam u(X, 0)=@(X).
HaxoauTcsi COBOKYIMHOCTD JaHHBIX PacCesHus {Cm (O), Ms b(k,O)}. ITo HuM,
ucrons3ys (8), CTIPOMTCS COBOKYIIHOCTH {Cm (t), s b(k,t)}. ITo oroi

COBOKYITHOCTH, peIIaeTcs OoOpaTHas 3a7ada pacCesHUus U ONpeaessercs

bynxmmio U (X, t), sesomascs pemenuem (7)
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Lllpumep:

2
ch?x

[Tycts U (X, O) =—

Torna ypaBaenue (3) OyeT BBITIIAIETD CIACAYIOMAM 00pa3oM:

'//xx+(/1+ h22 jt//=0

B sToM ciy4yae mmeercst Bcero omHa coOcTBeHHas (ynkuusa, 7, =1 u
Cl(O)zx/E. Pemas (4) moxmo wHaiitu, urto b(k,0)=0. Ilpu stoM
B(xt)=2e"".

VYpaBuenue (5) npuHUMAaET BUJI:

K(xy,t)+2e" > + 2et‘yj K(x,a,t)e*da=0

-2

1+e2X—8t :

Ero pemennem Oyner (yHKIms K(x,y,t): Ucnons3ys (6)

HaxoauM pCHICHUC 3a1a4n:

2
u(x,t):m

Halinennas B 3ToM mnpumepe (QyHKUUA u(x,t) MPEACTABISIET COOOM

comuToH. COJNIMTOHBI — ATO PEIICHHS B BUJE YCIUHCHHBIX OETYyIIUX BOJIH
KoJIoKoJIooOpa3Hoi ¢opmbl. Ecnm HauanbHBIE YCIOBHS 3aaTh TakK, 4YTO
BO3HHMKAIOT HECKOJBKO COJINTOHOB, JIBIDKYIIMXCS C Pa3IUYHBIMH CKOPOCTSIMH,
TO MOYKHO pacCMaTpUBaTh MX B3aMMOJICHCTBHE B paMKaX pEIICHUS ypaBHCHUS.
Conutonbl ypaBHeHUs1 KopreBera - ne @pwusa rnpu B3auMOACHCTBUN BEAYT ceOs

4aCTUIENOI00HBIM 00pa3oM. CTaJIKMBasCh, OHU PACXOIATCS, HE MEHSI (POPMBI
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u mpuodOperas casur no (asze. Takoil XxapakTep COIMTOHHBIX PELICHUH AenaeT

HNX HHTCPCCHBIM 00BEKTOM MaTeMaTHYECKOIO MOACIMPOBAHUA.
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